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Correction 

In  the  second  equation  of  (1-5),  change  -  Ig  to  -  Ig  x  1 
to  show  that  the  equation  is  dimensionally  correct  and 
also  change  Igg  to  Ig. 

In  eqs.  (2-8)  and  (2-9),  change  num  EvV  to  num  EvV^. 

Change  all  impedances  denoted  by  £  to  £g. 

Theorem  E  and  the  discussion  following  it  in  Section  2.4 
may  be  better  stated  as  follows : 

Theorem  E 

The  numerators  of  the  even  parts  of  a  series  of 
cascaded  V  operators  are  related  by 

num  EvV  *  (num  EvV^)(num  EvVg)  ...  (num  EvV^) 

(2-15) 

and,  assuming  that  no  common  (surplus)  factors  have  been 
cancelled  in  the  numerator  and  denominator  of  Z,  which 
is  given  by 

2  -Vn  <>16> 

•* 

The  proof  appears  in  Appendix  l.B. 
it  follows  that 

num  EvZ  *  (num  EvV^)(num  EvVg)  ....  (num  EvV^ ) (num  Ev^J* 

(2-17) 

Thus  the  zeros  of  num  EvZ  are  split  between  the  V 
operators  and  the  terminating  impedance  as  described  in 
section  1.9. 

5“ 

The  invalidity  of  eq.  (2-17)  if  common  factors  have  baan 
cancelled  from  Z  is  discussed  in  the  following  section. 
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The  sentence  in  lines  4  and  5  and  the  subsequent  V  para¬ 
meters  should  be  changed  to  read  as  follows i 

The  components  of  and  Vg  are  derived  from  eq. 
(2-8).  For  example 

num  EvV^  =  1  -  2s^  =  (1  +  /2  s)(l  -  \pl  s) 


7u-?vzz-h  \z 

21 


1+  /2  s 


7±  V* 


The  second  term  in  the  denominator  of  eq.  (2-41)  is 

s(s~  +  j — ). 

Za  *lb 


In  the  line  above  eq.  (3-34),  change  (eq.  3-2)  to  eq. 
(3-12). 


Change  line  7* 


The  deno 

2  . 
is  s  + 


senator 


of  the  third  term  of  Vgg 


in  eq.  (3-58) 


The  last  sentence  in  Section  3.9  should  be  changed  to 
read  as  follows: 

....  Q  is  eight  less  in  rank  than  Z  whereas,  if  they 
are  of  first  order,  C4  i5  four  less  in  rank  than  Z. 


The  last  equation  should  be  changed  to  read 


4 

5? 


3  s 


3 

5S 


♦  1 
♦  2 


In  the  first  sentence  in  Section  4.2,  change  (3-49)  to 
(3-48). 

In  line  8,  ch&nge  eq.  (5-17)  to  eq.  (5-15). 

The  value  of  the  resistive  termination  in  Fig.  (5-5)  is 
2  ohms. 


Correction 


In  line  5,  remove  the  s  from  procedures. 

In  the  second  line  from  the  bottom,  change  fig.  ( 6-2b) 
to  fig.  (6-3b). 

In  the  first  line  of  Appendix  l.D,  change  eq.  (2-35)  to 
eq.  (2-36) . 

Label  the  second  equation  (A-2l)  and  change  the  third 
equation  to  (A -22). 


ABSTRACT 


An  approach  to  driving  point  impedance  synthesis  is  developed, 
using  the  concept  of  an  impedance  operator,  which  is  general,  syste¬ 
matic,  flexible  and  easily  applied.  It  is  shown  that  the  synthesis 
procedures  of  Brune,  Darlington,  Bo tt -Duff in  and  Miyata  readily  lend 
themselves  to  this  impedance  operator  approach.  It  is  further  shown 
that,  through  the  impedance  operator  and  the  flexibility  it  provides, 
new  driving  point  impedance  realizations  can  be  achieved  and  existing 
realizations  can  be  made  more  general. 

The  mathematical  properties  of  the  impedance  operator  are  in¬ 
vestigated  in  detail.  Specific  impedance  operators  of  rank  Z ,  4  and 
6,  derived  from  repeated  applications  of  Richards’  Theorem  and 
extension  thereof,  are  examined.  Through  these  operators,  it  is 
shown  that  thirteen  realizable  network  sections  containing  one  or 
more  arbitrary  constants  may  always  be  removed  from  a  prf  driving 
point  impedance  function  leaving,  in  cascade,  a  terminating  impedance 
which  is  realizable  and  contains  the  same  arbitrary  constants. 

Using  the  impedance  ooerator  approach,  three  cascade  synthesis 
procedures  are  develooed.  The  first  is  an  extension  of  the  Bott- 
Duffin  procedure.  The  second  is  a  general  reciprocal  synthesis  pro¬ 
cedure  applicable  to  any  prf  driving  point  impedance.  The  third  is  a 
general  non-reciprocal  synthesis  procedure  not  requiring  transformers. 
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CHAPTER  I 

PORMUIATION  OF  THE  PROBLEM  AND  A  REVIEW  AND 
EXTENSION  OF  EXISTINQ  TECHIIQUBS 

1.1  Statement  of  the  Problem 

In  the  study  of  driving  point  imp6dar.ee  synthesis  procedures* 
one  encounters  many  methods  and  techniques  which  are  interrelated. 
Each  method  has  certain  limitations*  advantages  and  disadvantages. 

It  is  the  purpose  of  this  thesis  to  develop  an  approach  to  driving- 
point  impedance  synthesis  using  the  concept  of  an  impedance  opera¬ 
tor  (to  be  defined  presently)  which  is  general,  systematic,  flexible 

and  easy  to  apply.  It  is  to  be  shown  that  the  well-known  synthesis 

17  1  6  15 

procedures  of  Brune,  Darlington,  Bott  and  Duffin,  and  Miyata 

readily  lend  themselves  to  this  impedance  operator  approach.  It 

is  also  to  be  shown  that,  through  the  impedance  operator  and  the 

flexibility  which  it  provides,  additional  driving  point  impedance 

realisations  can  be  achieved  and  existing  realisations  can  be  made 

more  general. 

The  impedance  operator  concept  to  be  developed  herein  stems 

# 

from  the  Darlington  synthesis  procedure.  This  procedure  realizes 
a  prf  driving  point  impedance  given  by 

*" 

This  procedure  is  reviewed  in  detail  -*n  Section  1.2. 

Positive  real  function. 

-1- 


(1-1) 


z 


*1  ♦  V 
*2  +n2 


in  terms  of  a  lossless  network  terminated  in  a  pure  resistance 
(usually  one  ohm)  as  shown  in  Fig.  (1-1).  The  procedure  is 


Fig.  (1-1)  Darlington  Realizations 


a  cascade  rather  than  a  distributed  one  in  that  only  a  single  ter¬ 
mination  is  included. 

A  greater  flexibility  can  be  obtained  in  the  synthesis  of  Z 
if  the  constraint  of  a  resistive  termination  is  relaxed  to  permit 
a  prf  terminating  impedance,  £.  To  investigate  this  possibility, 
let  the  following  transformation  be  constructed! 


and  m„  are  even  polynomials  in  s  while  n^  and  n.  are  odd  poly¬ 
nomials  in  s.  These  polynomials  are  further  restricted  by  the 
fact  that  Z  is  prf. 


■5 


1 


I 


Z 


"LjC  ♦  nx 
*8  +n2C 


(1-2) 


It  is  necessary  to  investigate  the  conditions  under  which  the  right 
hand  side  of  eq.  (1-?.)  represents  a  prf  driving  point  impedance  in 
the  physical  sense  of  Fig.  (l-l)  with  the  one-ohm  termination  re¬ 
placed  by  Q,  Define  an  impedance  operator#  V#  which  is  equal  to  Z 
when  Q  is  a  one-ohm  resistance  and  which  operates  on  £  to  give  Z. 
Thus  V  is  given  by 


and 


V 


”2 


(1-3) 


Z  -  VC 


(1-4) 


where  eq.  (1-4)  is  to  be  interpreted  as  "V  operating  on  Qm. 

Theorem  A 

4 

There  is  a  theorem  due  to  Hazony  which  states  that  if  a  prf 
V  can  be  constructed  such  that  Q  has  no  right  half  plane  poles# 
then  Q  is  prf  if  Z  is  prf. 

Theorem  A  relates  only  to  the  transformation  given  by  eq. 

(1-2)  and  does  not#  in  itself#  quarantee  the  cascade  representation 
of  Fig.  (1-1)  with  a  Q  termination.  To  achieve  this  cascade  repre¬ 
sentation#  it  is  necessary  in  addition  that  V  in  eq.  (1-5)  represent 
a  lossless  network  terminated  in  one  ohm.  Then  7  may  be  synthesised 
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uaing  Darlington's  procedure  and  the  Q  termination  added.  Thus*  in 
Fig.  (1-1)*  the  Z  parameters  in  the  boxes  are  replaced  by  V«,2 
and  |v|,  respectively* and  thB  one-ohm  termination  is  replaced  by  £ 
in  Fig.  (1-la)  and  l/C  in  Fig.  (1-lb).* 

V  and  £  can  take  many  forms  in  the  representation  of  a  given 
Z,  since  arbitrary  constants  may  be  incorporated  in  both  V  and  £• 
These  constants  may  be  chosen  to  produce  desired  characteristics  in 
either  the  removed  network  sections  (V)  or  the  terminating  impedance 
(£).  The  constants  build  a  definite  flexibility  into  the  impedance 
operator  approach. 

The  similarity  of  eqs.  (1-1)  and  (1-5)  is  important.  In 
effect*  this  similarity  means  that  the  networks  derived  by  Darling¬ 
ton's  procedure  with  a  resistive  termination  are  also  applicable 
in  the  case  of  a  prf  £  termination.  It  is  appropriate*  therefore* 
to  review  in  detail  the  basic  Darlington  synthesis  procedure  and 
the  types  of  lossless  networks  which  it  gives  and  to  seek  gener¬ 
alisations  which  will  yield  additional  useful  networks.  Also* 
since  the  impedance  operator  approach  is  generally  applicable  to 
the  cascade  synthesis  of  driving  point  impedance  functions  through 
the  removal  of  network  sections*  a  brief  review  of  existing  cascade 
synthesis  techniques  is  in  order. 

In  view  of  the  above  considerations*  the  objectives  for  the 
remainder  of  Chapter  I  may  be  formulated  as  follows: 

# 

The  mechanics  of  this  procedure  are  discussed  in  detail  in 
Chapter  II. 


A)  A  review  of  the  reciprocal  and  non-reciprocal  Darlington 
synthesis  procedures. 

B)  A  discussion  of  the  residue  and  extended  residue  condi¬ 
tions  and  their  use  in  cascade  syntheses. 

C)  The  derivation  of  the  Z  parameters  of  certain  loaded 
gyrator  networks  which  are  useful  in  the  non-reciprocal 
Darlington  syntheses  of  driving  point  impedances  of  rank 
4  and  above. 

D)  The  derivation  of  non-reciprocal  cascade  Darlington 
syntheses  for  prf  driving  point  impedances  of  rank  Z,  4 
and  6. 

E)  A  review  of  existing  cascade  synthesis  procedures  and  the 
netwrk  sections  which  result  therefrom. 

*1  7 

1.2  The  Reciprocal  Darlington  Synthesis  Procedure  *  * 

The  conventional  Z -parameter  four-terminal  network  equations 
for  the  case  of  a  one-ohm  resistive  termination  are: 


*i  “  zn  h  *  ziz  h 

I2  "  Z21  X1  +  Z22  I22 


(1-5) 


Solving  for  the  driving  point  impedance  yields 


sum  of  degrees  of  numerator  and  denominator. 


-6 


1  ♦ 


Z  -  Z. 


'll 


Z11  Z22  “  Z12  Z21 
211 

— zzm: - 


(1-6) 


22 


Eq.  (l-l)  may  be  rearranged  in  two  ways  to  match  eq.  (1-6). 

(1-7) 


nl 

1  ♦  -=■ 

Z.'l  "1 


n,  », 

4  —  +  1 
n2 


z.n-i 


m2 


(l-e) 


Eq.  (1-7)  corresponds  to  Pig.  (1-la)  and  suggests  the  identifica¬ 
tion 

_”l  .  _  *2  Z11  Z22  '  \z  Z21  _  ”l 


Z11  "  '  Z22  '  n2  * 


“11 


(1-9) 


while  Eq.  (1-8),  corresponding  to  Pig.  (1-lb),  suggests  that 


-  _  "l  .  _  n2  Z11  Z22  "  ^2  Z21  _  "l 

*11  *  22  '  2^  n^ 


The  third  relation  in  eq.  (1-9)  reduces  to 

-  „  _  *1  *2  "  “l  n2  _  num  EyZ* 

hz  z2i  - "7 - - 


X 


(l-io) 


(l-ii) 


num  EtZ  *  numerator  of  the  eren  part  of  Z. 


t 


while  the  third  relation  in  eq.  (1-10 )  becomes 


Z12 


®1  m2  +  nl  n2 


'21 


-  num  EvZ 

- 5 — 


(1-12) 


Hereafter,  eq.  (1-7)  is  referred  to  as  the  "n-type*  and  ec.  (1-8)  as 
the  "m-type"  Darlington  procedure,  the  n  and  in  denoting  the  term  in 
the  denominators  of  the  Z  parameters  in  each  case. 

In  the  reciprocal  Darlington  procedure,  Z12  ■  Z21  so  that 
eqs.  (1-11)  and  (1-12)  become 


hz  m  zzi 


(1-13) 


*u  '  **  <M4) 

The  conditions  for  realizability  of  a  lossless  reciprocal 
four-terminal  network  are  that  Z^  and  Z22  be  reactance  functions 
and  that  the  residue  condition 

kll  k22  “  k12  -  0  (1-15) 

be  satisfied  at  all  poles.  Since  m^  ♦  n^,  m2  ♦  n2,  ♦  n2  and 

Kg  ♦  n^  are  all  Hurvitz  polynomials,  Z^  and  Z22  are  necessarily 
reactance  functions.  Furthermore,  assuming  that  num  EvZ  is  a 
perfect  square,  the  residue  condition  holds  with  the  equal  sign  at 
all  finite  poles.  For  a  pole  at  infinity,  the  equal  sign  applies 
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only  if  n1  is  not  greater  in  rank  chan  n^. 

In  order  that  num  EvZ  be  a  perfect  square  so  that  Z^g  i®  ® 
rational  function  of  s,  it  is  necessary  that  the  zeros  of  nun  EvZ 
be  of  even  multiplicity*  a  condition  which  is  not  true  in  general. 
It  is  possible  to  avoid  this  difficulty  by  multiplying  the  numera¬ 
tor  and  denominator  of  Z  by  an  auxiliary  Hurwitz  polynomial  so 

3 

chosen  that  num  EvZ  becomes  a  perfect  square.  However,  since  this 

procedure  is  not  in  general  permissable  in  the  case  of  the  impe- 

* 

dance  operator,  it  will  not  be  considered  further  here.  Bather, 
the  restriction  that  Z^g  -  Zgl  is  relaxed  and  attention  is  re¬ 
focused  on  eqs.  (1-11)  and  (1-12). 

1*3  Non-fteciprocal  Darlington  Synthesis 

In  this  and  the  following  four  sections,  a  non-reciprocal 

Darlington  synthesis  procedure  applicable  to  any  prf  driving  point 

impedance  is  developed  and  applied  to  impedances  of  rank  2,  4  and 

6.  The  resulting  networks  may  be  considered  not  only  as  syntheses 

of  Z  with  a  one -ohm  termination  but  also  as  syntheses  of  specific 

impedance  operators.  This  latter  feature  receives  considerable 

attention  in  Chapters  III  and  IV. 

The  starting  point  in  the  development  of  the  non-reciprocal 

Darlington  synthesis  procedure  is  a  consideration  of  the  zeros  of 

2 

an  even  polynomial  in  s.  In  terms  of  s  ,  these  zeros  may  be  real 
and  positive,  real  and  negative  or  complex.  In  terms  of  s,  these 

♦The  fact  that  this  procedure  is  not  applicable  in  the  case  of  the 
V  operator  is  justified  in  Appendix  II. 


■9* 


3 

zeros  must  have  quadrantal  symmetry  .  This  requirement,  coupled 
with  the  restriction  that  the  even  part  of  a  prf  impedance  be  posi¬ 
tive  everywhere  on  the  jet  axis,  necessitates  that  num  EvZ  have  only 
the  following  types  of  terms  (or  powers  thereof) 

r  2  2v 

(a  -  s  ) 

Cb2  ♦  s2)  (1-16) 

2  2 

(s  ♦  cs  *  d)(s  -  cs  ♦  d) 

Whatever  combinations  of  these  terms  may  occur,  it  is  always  possi¬ 
ble  to  write  num  EvZ  in  the  form 

2  2 

num  EvZ  ■  m  -n  ■  (m  ♦  n  )(m  -n)  (1-17) 

o  o  o  o  o  o 

where  mQ  and  nQ  are  even  and  odd  polynomials  on  a,  respectively. 
Because  of  eq.  (1-17),  eqs.  (l-ll)  and  (1-12)  may  now  be  separated  to 
yield* 


*12 


(1-16) 


(1-19) 


Theorem  B 

Using  the  forms  of  and  in  eqs.  (1-18)  and  (1-19),  it 
is  possible  to  achieve  a  Darlington  synthesis  of  any  prf  driving 


# 

This  split  assigns  the  left-half  plane  zeros  of  num  EvZ  to  Z^g  and 
those  in  the  right  half  plane  to  Zgj.*  The  reasons  for  this  parti¬ 
cular  choice  are  indicated  by  Theorem  B. 


point  impedance  without  the  use  of  surplus  factors. 

To  begin  the  proof  of  Theorem  B,  Z^g  and  Zg^  in  eqs.  (1-18) 
and  (1-19)  may  be  expanded  by  partial  fraction  expansions.  The 
result  has  two  general  forms*  where  p,  a  and  K  are  positive  real 
constants . 


„  lk128  -  h  ^  „  2*128  -  h 
zi2  • 2  -s  nr~  * 2  — 2 — ♦ 


21 


“12 

21 


8  ♦  flO^ 

vk.  «8  * 


8  ♦  00r 


jJtu.  *  V2  .  „  *2*  i  V* 

2  ■  ...  y  — —  W—  ♦  2 


S  +08^ 


T~T 

S  ^g 


1*1 

d-20) 

-*2 
(1-21) 


The  denominators  of  eqs.  (1-20)  and  (1-21)  are  correct  since  the 
zeros  of  the  even  and  odd  parts  of  a  Hurwitz  polynomial  must  all 
lie  on  the  j«  axis.  The  numerators  are  justified  by  considering 
a  particular  example. 


Example  1 
Let 


_  s4  ♦  lls5  ♦  9s2  ♦  54s  ♦  2 

Z  -  - , - g--g-- x - — 


num  EvZ  -  (-s2  +  l)(-s2  ♦  4)(s4  ♦  4) 

-  (s4  ■»-  10s2  ♦  2)2  -  s2(5s2  ♦ID)2 


Terms  of  the  form  k^s  and  k  /s  may  also  occur  in  eqs.  (1-20)  and 
(1-21)*  depending  on  the  rank  of  Z. 


>11 


Attempting  to  synthesize  Z  by  the  m-type  Darlington  procedure 
gives  the  following  Z  parameters* 


•t  _  sClla2  ♦  54)  -  _  b(|  a2  » y) 

11  T71  *  22  84+2782+8 


-  .  af5sa  ♦  10)  ♦  Cs4  ♦  IDs2  ♦  2) 

±2  4  7  27  2  „ 

21  8  +Ts  +8 


Each  of  these  expressions  may  be  expanded  by  partial  frac¬ 


tions. 


„  _  hkii8  .  z2kn8 

zu  T~nr + 

3  ♦  s  ♦ 


,  _  2lk228  .  Z2k228 

522*77^\tt^ 


„  _  *lklZ®  .  Z2k128  .  s4  ♦  IDs2  ♦  2 

12  T”  2  i  '  J  -  4  .  2^  2 
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+  8  ♦  8  ♦  -j-S 


♦  8 


where  (s2  ♦  «^)(s2  ♦  «#2)  ■  e4  ♦  s2  ♦  8  . 

The  last  term  in  Z^g  may  be  expanded  in  several  ways  to  yield 
21 


e4  ♦  IDs2  ♦  2  _  2*1  .  Z*2 

1 — vrz -  “9 - ?  *  “5 - 2  ♦ 

8  *  T8  +  8  8  +  *1  8  ♦  1 
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♦ 


♦  K 


5 


26.  26«8 

H - ?  +  ~S - ?  +  K< 

8  *  8  ♦  ®g 


Considering  only  the  first  two  forma,  since  the  last  two  are 
not  essentially  different,  Z^g  may  be  expressed  in  the  following 
two  general  ways  which  are  slin  to  agree  with  eqs.  (1-20)  and  (1-21). 


Zl2  -2 
21 


lk12*  -  ^1  .  «  2k128  -  P2  . 

'  JL'  "  mX  ▼  C  ■  —  mX  ""  ■  *  "Jg  ▼ 


T~T 

8  ♦ 


2 — 5:Ri 


-  _  .  AzW  .  „  .  _ 

zi2  2  — irj~  2  — rj“ 1  2 
21  8  8  "“2 


For  impedances  of  higher  rank,  the  form  of  Z^g  is  the  same 
except  that  more  a  and  f  (but  not  K)  terms  are  prelint. 


1.4  Extended  Residue  Conditions 

Returning  now  to  eqs.  (1-20)  and  (1-21),  the  question  of  the 
validity  of  the  residue  condition  in  eq.  (1-15)  for  the  non-recipro¬ 
cal  case  arises.  Near  a  jm  axis  pole,  the  Z parameters  have  the 


-IS 


general  form 


!  ; 


'll 


-  2 

sZ  ♦  os' 


2  z22“  2 


k228 

T“  "T 

8  ♦  ® 
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Cl-22) 


■’12 

21 


-*18,-“  ,  -.*12”-* 
2  - 5-5-  or  2 


8  +09 


Consider  the  function 


Z11  Z22  "  Z12 


i  ”  2 

8  +09 

O 


21 


.  This  is  given  by  either 


ni  11  mi 

eq.  (1-0)  or  eq.  (1-10 )  as  —  or  —  .  Since  ^  is  *  Huniit* 


n-  bu  ^l 

polynomial,  —  and  —  are  positive  real  reactance  functions.  It 
"l  nl 


follows  that 


Z11  Z22  *  Z12  Z21 


He 


“11 


Z11  Z22  “  \z 


'21 


»  0  for  He  s  -  0 


>  0  for  He  s  >  0 


(1-23) 


Now  let  s  “  ♦  e,  where  e  is  a  small  positive  real  quan¬ 

tity  which  approaches  zero,  and  substitute  this  value  of  s  into 
eqs.  (1-22)  and  (1-25),  considering  the  first  form  of  Z^g  in  eq. 
(1-22).  After  simplification,  eq.  (1-25)  reduces  to 


21 


(*11*22  -  *12  - 


>  0 


(1-24) 


In  order  that  this  expression  be  positive  for  all  positive  real  e, 
it  is  necessary  that 

kll  k22  "  k12  "  -  0  (1-25) 


I 
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A  similar  development  using  the  second  form  of  Z ^  in  eq« 
(1-22)  yields  Z1 


^kllk22  "  k12 


-sAk*2  ♦  *«2>  ♦ 

e +  a>  e  ♦ « 

O  o  _  „ 

- 5 - X - >  0 

k,,e(e4  +  4a»  ) 

11  v  o' 


(1-26) 


In  order  that  this  expression  be  positive  for  all  positive  real  e, 
it  is  necessary  that 

kll  k22  ~  k12  “  \  -  0  (1-27) 

60 
o 

Eqs.  (1-25)  and  (1-27)  are  called  extended  residue  condi- 
2  14 

tions  *  and  are  more  severe  than  the  residue  condition  of  eq. 
(1-15). 


Theorem  C 

The  two  extended  residue  conditions  of  eqs.  (l-25)  and  (1-27) 
are  equivalent. 

To  verify  Theorem  C,  let  K^  and  Kg  in  eqs.  (1-20)  and  (1-21) 
be  expanded  to  yield 


ri  "  *11  *  * 


12 


(1-28) 


*81  +  *22  * 


Now  eqs.  (1-20)  and  (1-21)  may  be  rewritten  in  the  form 


* 

This  form  is  derived  in  References  2  and  14 
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Z1Z  "  2 
21 


Iki28  -  (IC118  +  h  *  K11  “i)  . 

- F7T - +  •  — 

8  + 


(1-29) 


*18 

21 


.  iku»  i  fv*  *  V2  *  K21“1>  . 

-  2 - r~~z  •••• 

8  + 


(1-30) 


These  two  expressions  for  Z^2  must  be  equal  and  therefore 

21 


(1-31) 


(1-32) 

A  similar  result  follows  at  all  other  poles  of  Z^g. 

21 

* 

1.5  Qyrator  -  Transformer  Networks 

To  synthesise  the  expressions  in  eqs.  (1-20)  and  (1-21), 
certain  gyrator  -  transformer  networks  are  employed.  The  Z  para¬ 
meters  of  these  networks  are  now  derived.  Consider  the  network  of 
Fig.  (1-2). 

♦The  networks  in  Figs.  (1-2)  and  (1-3)  hare  T  and  n  equivalents  which 
are  sometimes  more  useful  than  the  transformer  forms.  These  equiva¬ 
lent  forms  are  developed- and  utilised  in  Chapter  III. 


*11  "  °1  +  *21 

hA  ♦  Pi  ■  **A 


Solving  these  equations  for  gives 


or 


Pi  -  -  Vi 

Pi  2  2 

T  "  Vl 

*1 


Fig.  Cl -2)  Oyrator-Inductive  Transformer  Network 


The  following  relations  apply: 


E1  *  ^l1*  *  sH!y  -  KIa 


E_  ■  sMX  ♦  st__I  ■  -  KI 
2  x  22  y  p 


*1  "  *p  *  Xx 


(1-53) 


hml. 


Expressing  E^  and  Eg  in  terms  of  1^  and  Ig  gives  the  Z  parameters  as 


“o  hi  ”  „  _  *o  L22  8 

2  2  *  Z22  5  ~  i 

s  ♦  •  s  ♦  » 

o  o 


•Sts+Ks2 
0  • 


8  ♦  » 


e2  -—51 

°  hihz 


(1-54) 


Now  consider  the  network  of  Fig.  (1-5). 


Fig.  (1-5)  Gyrator-Capacitire  Transformer  Network 
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The  networks  of  Figs.  (1-2)  and  (1-3)  exhibit  certain 
unusual  properties. 

A)  The  transformers  do  not  have  unity  coupling.  This  can 
be  seen  from  an  examination  of  the  extended  residue  con¬ 
ditions  . 

B)  If  the  coefficients  of  coupling  become  unity,  the  effect 
of  the  gyrators  disappears  becomes  infinite  in  eq. 
(1-34)  and  Eero  in  eq.  (1-36)^). 

C)  If  K  — >  0  in  eqs.  (1-34)  and  (1-36),  all  impedance  para¬ 
meters  vanish  unless  the  coefficients  of  coupling  become 

2 

unity  at  the  same  time.  In  this  latter  case,  a#o  remains 
finite  and  non-sero,  the  residue  condition  of  eq.  (1-15) 
applies  and  the  networks  reduce  to  loaded  perfect  trans¬ 
formers  . 

D)  The  networks  of  Figs.  (1-2)  and  (1-5)  satisfy  the  extend¬ 
ed  residue  condition  with  the  equal  sign  as  may  be  veri¬ 
fied  by  substituting  the  residues  from  eq.  (1-54)  into 
eq.  (1-25)  and  those  from  eq.  (1-36)  into  eq.  (1-27)  to 
obtain  sero  in  each  case. 

1.6  Non -Reciprocal  Syntheses  for  Impedances  of  Rank  2  and  42**'1* 

The  non-reciprocal  Darlington  syntheses  of  impedances  of  rank 
2  and  rank  4  are  well-covered  in  the  references  and  are  therefore 
only  briefly  reviewed  here.  Fbr  the  case  of  a  rank  2  impedance,  let 
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ft  ♦  S  « 

Z  •  r — T-r  ,  nun  EvZ  ■  ab  -  a  (1-57) 

D  ♦  8  O  0 

O 

The  n-type  and  m-type  non-reciprocal  Darlington  syntheses  are  shown 
in  Figs.  (1-4)  and  (1-5)  respectively,  where,  in  Fig.  (1-4)  the 
termination  is  scaled  to  avoid  the  use  of  a  capacitive  transfonner. 


For  the  rank  4  case. 


let  Z  be  given  by 

a  ♦  a,  s  ♦  s2 
z  .-2_1 - ? 

b  ♦  b.,8  ♦  s 

O  1 


(1-58) 

num  EtZ  -  (V  .  Ji -  »2[^bx  -  Qr  - 


.V 


where  e 


2 


is  positive  from  the  requirement  that  mm  EvZ  >  0  every- 
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where  on  the  je#  axis.  The  n-type  syntheeia  is  straightforward  (since 
Hg  has  only  one  zero)  and  the  result  appears  in  Fig.  (1-5)*  where 
again  the  terminating  impedance  has  been  scaled  to  avoid  the  use  of 
a  capacitive  transformer. 


For  the  m-type  synthesis*  the  Z  parameters  are 


V 


11  777 


*  z 


b^s 


22  ~T 
s  ♦  b 


12 

21 


s2  ♦  b 


(1-59) 


The  Z^g  expression  may  be  rewritten  as 
21 

es 

hz 

21 


i  -T1  -fi) 


Z  ~  . 

s  ♦  b 


'-K 


(1-40) 


or 
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1  T 


(1-41) 


Eqs.  (1-39)  and  (1-49)  nay  be  readily  identified  with  eq.  (1-54)  to 
yield  the  m-type  rank  4  inductive  transformer  network  shown  in  Fig. 
(1-7).  A  similar  capacitive  transformer  network  can  be  derived  us¬ 
ing  eqs.  (1-39),  (1-41)  and  (1-36). 


Fig.  (1-7)  m-Type  Rank  4  Inductive 


The  transformer  in  Fig.  (1-7)  may  be  replaced  by  its  T  or  n 
equivalent.  It  is  then  possible,  by  scaling  the  termination,  to 
eliminate  one  element  in  the  T  or  n  network.  This  matter  is  con¬ 
sidered  in  detail  in  the  discussion  of  the  impedance  operator  of 
rank  4  in  Chapter  III. 

1.7  Won-Reciprocal  Synthesis  for  Impedances  of  Rank  6 

Let  a  general  rank  6  impedance,  assumed  to  be  non-minimum 


resistance,  be  given  by 
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Z 


2  3 

a  ♦  a.  a  ♦  a„8  ♦  s 

ox  c 

o  x 

b  +  b. 8  ♦  b„8  ♦  a 

O  1  2 


(1-42) 


man  EvZ  ■  (aQ  ♦  agS2)(bo  ♦  b^s2)  -  s2(a^  ♦  s2)(b^  ♦  s2) 

(1-43) 

-  (A2  -  s2)  [fe2  ♦  B)2  -  cV]  (1-44) 

-  [s3  ♦  (A  C)s2  +  (AC  ♦  B)s  ♦  AbJ 

[.-s3*  (A  ♦  C)a2  -  (AC  ♦  b)b  ♦  AbJ  (1-45) 


The  fonns  of  eqs.  (1-44)  and  ( 1-45)  are  justified  from  the 
discussion  in  Section  (1-3).  For  the  n-type  synthesis,  the  Z 

parameters  are  (using  eqs.  (1-9)  and  (1-18)  and  letting  the  ter- 

a 

mination  be  ^2.  to  eliminate  a  transformer) 


“11 


v*  * «. 

a(.  ♦  b^) 


♦  a 


22 


Vo  2 

T~  “ 

0 

s(s  ♦  b1) 


ao 

(s  '  * 

b^s 

2  v 

8  ♦  b^ 

a 

0 

b^s 

s*  ♦  b. 

612 
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(1-46) 


[(A  ♦  C)s2  ♦  AB  ♦  s(s2  ♦  AC  ♦  B)^^ 
s(s^  ♦  b1) 


■23' 


The  equation  for  Z^  may  be  separated  to  give 
21 


(1-48) 


The  first  terms  in  Z^*  Zg2  and  form  a  capacitor.  The 
last  terms  in  eqs.  (1-47)  and  (1-48)  arl^non -loaded  gyrators.  The 
residues  of  ths  second  terms  in  Z^1  and  Z22»  along  with  the  residues 
of  the  middle  terms  in  eqs.  (1-47)  and  (1-48)  satisfy  the  extended 
residue  conditions  with  equal  signs  in  eqs.  (1-25)  and  (1-27).  This 
may  be  verified  by  direct  substitution  and  recognition  of  the  iden¬ 
tities 

2AB(A  ♦  C)  -  (AC  ♦  B)2  -  a^  ♦  aQb2  -  a^ 

(1-49) 

(A  ♦  C)2  -  2 (AC  ♦  B)  -  a2bg  -  a1  - 

which  are  obtained  by  matching  coefficients  of  like  terms  in  eqs. 
(1-43)  and  (1-45).  Thus  eqs.  (1-46)  and  (1-47)  may  be  realised  us¬ 
ing  the  network  of  Tig.  (1-2).  The  complete  synthesis  is  shown  in 
fig.  (1-6).  A  similar  capacitive  transformer  synthesis  can  be  devel¬ 
oped  using  eq.  (1-48)  and  Tig.  (1-3). 
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The  m-type  synthesis  proceeds  in  exactly  the  same  fashion. 
The  Z  parameters  are  b 


s(s  ♦  a1) 

Z - - - ±-  -  £-  ♦ 

11  b„s2  ♦  b 
Z  0 


*(■>-*> 


2  Jo 

■  4q 


#Cb2  ♦  y  ,  EJ.(bl  '  Bj)1 


22  Z 
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a(s2  ♦  AC  ♦  B)  ♦  [(A  ♦  C)s2  ♦  AbJ 


V  *  bo 


Separating  Z^g  gives 
21 
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Example  2 

To  illustrate  the  rank  6  synthesis  procedure,  let  it  be  re¬ 
quired  to  synthesize  the  following  driving  point  impedance: 

„  _  s5  ♦  2s2  ♦  9s  ♦  1 

4  *  mmmmmmmmmm m  ■  mm  hi 

s5  ♦  9bZ  ♦  Ss  +16 

num  EvZ  ■  (s^  +  4s2  ♦  6s  ♦  4)  (-8^  ♦  4s2  -  6s  ♦  4) 

A  ♦  C  -  4,  AC+B-6,  AB-4 

The  network  corresponding  to  fig.  (1-8),  obtained  by  direct 
substitution  of  the  known  quantities,  is  shown  in  fig.  (1-10).  The 
network  corresponding  to  Pig.  (1-9)  can  be  obtained  in  a  similar 
manner.  The  extended  residue  condition  from  eq.  (1-25)  yields 

*o(LllL22  '  l|8)  ’  a2*o  "  zs(h  ’  555TX  5  "  0 

The  coefficient  of  coupling  of  the  transformer  is 

- - s - is-  - . 

c 


99 
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1.8  Impedances  of  Higher  Rank 

The  extension  of  the  foregoing  synthesis  procedure  to  impe¬ 
dances  of  higher  rank  is  straightforward  with  eqs.  (1-20)  and  (1-21) 
serving  as  a  guide.  Thus  in  the  case  of  a  rank  8  impedance,  the 
m-type  synthesis  yields  networks  similar  to  those  in  Tig.  (1-9), 
but  with  the  inductor  replaced  by  a  second  gyrator-transformer  net¬ 
work.  The  n-type  synthesis  yields  networks  similar  to  Tig.  (1-8), 
except  for  the  addition  of  a  transformer  to  synthesize  the  pole  of 
the  Z  parameters  at  infinity. 

For  impedances  of  odd  rank,  the  poles  and  zeros  at  the  origin 
and  infinity  may  be  removed  until  the  impedance  becomes  even  in  rank 
and  the  remainder  synthesized  by  the  foregoing  procedure. 

Thus  it  is  possible  to  synthesize  any  prf  driving  point  impe¬ 
dance  through  the  non-reciprocal  Darlington  procedure  and  the  net¬ 
works  of  Figs.  (1-2)  and  (1-3). 
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1.9  Existing  Cascade  Synthesis  Techniques  * 

A  cascade  synthesis  procedure  in  which  the  zeros  of  Z12 
(denoted  as  transmission  zeros)  are  controlled  by  individual  net- 

7 

work  sections  has  been  developed  by  Guillemin ,  leading  to  a  number 

of  network  structures,  among  which  are  the  Darlington  A,  B,  C  and  D 

* 

sections.  Balabanian  also  discusses  the  development  of  these  four 
network  sections. 

In  the  derivation  of  cascade  impedance  operator  syntheses  in 
Chapters  III,  IV  and  V,  networks  similar  to  these  Darlington  sec¬ 
tions,  but  containing  arbitrary  constants,  result.  Thus  it  is  per¬ 
tinent  at  this  point  to  review  and  summarize  the  results  of  GuilletnLn 

* 

and  Balabanian. 


Consider  the  configuration  of  Fig.  (l-ll),  where  each  box  is  a 
lossless  reciprocal  network. 


Fig.  (l-ll)  Cascade  Representation  of  Z 


* 

The  following  discussion  sunmarizes  material  presented  in  Chapters 
6,7,9  and  10  of  Reference  7  and  Chapter  6  of  Reference  5. 

It  is  assumed  that  surplus  factors  have  been  added  so  that  all 
zeros  of  nan  EvZ  are  of  even  multiplicity. 
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The  following  relation  applies 


“12 


1Z12 _ 

1^22  *  Z1 


___  3Z12 

2Z22  +  ^2  3Z22  +  1 


2Z12 


(1-53) 


Eq.  (1-53)  points  out  that  the  zeros  of  Z-^g  are  made  up  of  the 
zeros  of  ^g,  gZ12  and  ^g.  The  zeros  of  Zlg  are  the  same  as 
the  zeros  of  the  even  part  of  Z  given  by  eq.  (l-ll).  As  discussed 
in  Section  1.3,  the  zeros  of  num  EvZ  have  quadrantal  symmetry  and 
thus  only  three  types  of  terms»  as  given  by  eq.  (1-16)  are  per¬ 
mitted.  If  all  three  of  these  terms  were  present  in  the  even  part 
of  a  given  driving  point  impedance,  one  term  could  be  assigned  to 
each  of  the  boxes  in  Fig.  (1-11).  The  syntheses  of  Z  would  thereby 
become  the  syntheses  of  the  three  boxes. 

In  the  realization  of  Z  with  its  types  of  even  part  zeros  given 
by  eq.  (1-16),  four  types  of  network  sections  are  useful.  These  are 
the  Darlington  A,  B,  C  and  D  sections  shown  in  Fig.  (1-12).  The 
branches  in  the  A  and  B  sections  are  single  inductances  or  capaci¬ 
tances  or  series  or  parallel  resonant  circuits.  These  two  sections 
realize  Ja>  axis  zeros  and  poles  of  Z.  The  type  C  section  is  similar 

to  the  Prune  network  but  the  transformer  polarity  is  additive.  It 
is  used  to  realize  real  axis  zeros  of  Z^g.  The  type  D  section 
* 

Guillemin  points  out  that  no  additional  zeros  are  introduced 
because  of  the  denominator  poles  in  eq.  (1-55). 

By  using  the  Brune  form  of  this  network  (with  a  subtractive 
transformer)  Joo  axis  zeros  of  Z12  can  be  realized.  Or  by  using 
Guillemin ' s  method  of  "zero  shifting",  these  zeros  may  also  be 
realized  using  a  ladder  network  development. 


Fig.  (1-12)  Darlington  Sections 


The  synthesis  of  a  given  driving  point  impedance,  Z,  would 
proceed  as  follows.  Sections  A  and  B  are  first  employed  to  remove 
poles  and  zeros  of  Z  on  the  axis.  The  remaining  impedance  is  prf 
and  its  even  part  has  the  three  types  of  seros  of  eq.  (1—16)  •  If  these 
zeros  are  not  initially  of  even  order,  it  is  necessary  to  use  sur¬ 
plus  factors  to  create  these  forms.  Next  a  type  C  section  is  re¬ 
moved  to  realize  a  pair  of  real  axis  zeros  of  Z^g(or  a  Brune  sec¬ 
tion  to  remove  an  imaginary  axis  pair).  The  remaining  prf  impe¬ 
dance  is  reduced  in  rank  by  2,  because  of  cancellation  of  a  term  of 
the  form  a  -  s  (or  s  ♦  mQ)  from  the  numerator  and  denominator  of 
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this  impedance,'  and  its  even  part  is  missing  the  pair  of  real  axis 
(imaginary  axis)  zeros.  In  a  similar  manner,  the  Type  D  section 
may  be  removed  to  realize  a  quadruplet  of  complex  zeros.  Once  again 
surplus  factors  may  be  required.  The  remaining  prf  impedance  is 
reduced  in  rank  by  four. 

Very  little  has  been  said  as  yet  about  the  actual  syntheses 
of  the  networks  represented  by  the  boxes  in  Fig.  (1-11).  Following 
Guillemin's  approach,  assume  that  the  first  box  is  to  realize  a 
quadruplet  of  zeros .  The  Z-parameters  of  this  box  may  be 
written  in  the  general  form 


n  .  K(s^  +  as  ♦  b)(s^  -  as  +  b) 

ri2  ,  2  '  i. 

s(s  ♦  a>o) 


_  RT(s)  T(-s) 

~TT~zT 

s(s  ♦  e»o) 

■  *  r  *  t— i 

8  ♦  © 


(1-54) 


k  Zk-.-.s 

fti  "  *ll8  +  f  *  -TT7T 

s  +  » 

0 

k  2^8 

1Z22  “  *22®  *  T  *  2.2 

8  ♦  • 


(1-55) 

(1-56) 


This  generally  leads  to  the  Darling ton  D  section  but,  as  Guillemin 
points  out,  can  also  often  be  made  to  yield  unbalanced  networks 
in  the  form  of  lattice,  bridged  T  or  twin  T  structures. 
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The  functions  Zt  Z^,  -piz*  1^11  and  lZ£2  are  related  by  the  cus¬ 
tomary  driving  point  impedance  equation 


1Z11  Z1  * 


1Z11 


1Z22 


Z2 

ri2 


(1-57) 


which  can  be  rearranged  to  yield 


Vn - z)  * v  ■  At- 


(t/  ^ 

3  *  V  (1-68) 


The  impedance  Z  may  be  written  in  the  general  form 

„  _  A  P(s) 


( 1-5S ) 


where  P(s)  and  QCs)  are  polynomials  of  the  same  rank  in  s  and  A  is 
a  constant.  The  next  step  is  a  key  point  in  the  Guillem  in  proce¬ 
dure.  The  two  terms  on  the  left  hand  side  of  eq.  (1-58)  are 
separately  expressed  as 


fu  -z 


nSf.)2  Tf-.)g  H(a) 
e(aZ  ♦  Q(s) 


(1-flO) 


$tt  *  zi‘ 


_ — 
s(sZ  ♦  a*2)  H(s) 


(1-61) 


* 

It  is  assumed  that  any  required  surplus  factors  are  Included  in 
Z. 
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where  H(s)  is  a  specified  polynomial  in  s.  The  synthesis  problem 
is  thus  reduced  to  the  construction  of  H(s)  and  the  determination 

of  after  which  i^zZ*  1^12  ^1  ma^  be  ^ound* 

result  is  generally  the  Darlington  D  section  of  Fig.  (1-12)  with  a 
termination  reduced  in  rank  by  four. 

Thus  the  Guillemin  synthesis  procedure*  like  the  impedance 
operator  synthesis  procedure  to  be  developed  in  Chapter  III,  pro¬ 
vides  a  method  of  obtaining  a  cascade  synthesis  of  any  driving  point 
impedance  for  any  configuration  of  transmission  (even  part)  zeros. 

The  two  methods  start  from  the  same  point  (the  idea  of  removing 
sections  as  in  Fig.  (1-11  j)  and  arrive  at  the  same  general  results 
(the  Darlington  sections)  but  the  actual  procedures  are  quite  dif¬ 
ferent  as  the  development  in  Chapter  III  will  show.  Also,  an  additional 
flexibility  is  included  in  the  impedance  operator  approach  in  that 
non-reciprocal  elements  are  permitted  and  arbitrary  constants  are 
present  in  the  removed  sections  and  the  terminating  impedances. 

These  constants  may  or  may  not  be  chosen  for  rank  reduction  at  the 
discretion  of  the  designer.  These  features  could  also  undoubtedly 

be  included  in  the  Guillemin  procedure  but  are  not  discussed  in 

17 

Reference  7.  It  is  also  possible  to  derive  the  Brune  synthesis 
procedure  using  either  Guillemin' s  approach  or  the  impedance  opera¬ 
tor  approach.  This  is  discussed  in  Section  5.4. 

As  mentioned,  it  is  always  possible  to  realize  a  quadruplet 
y  ■  1 1 

The  philosophy  behind  eqs.  (1-60)  and  (1-61)  is  explained  in  de¬ 
tail  on  page  251  of  Reference  7. 
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of  transmission  zeros  by  the  Darlington  D  section  using  either  of 
the  two  cascade  synthesis  procedures.  The  D  section  contains 
mutually  coupled  elements.  Quillemin  points  out  that  it  is  some¬ 
times  possible  to  arrive  at  alternative  unbalanced  network  struc¬ 
tures  not  requiring  mutual  coupling.  The  requirements  are  that 

the  set  of  impedances  ^_Z^,  I^IZ  1^22  ana^3r^^c  ^  the 

right  half  plane,  satisfy  the  residue  condition  of  eq.  (1-15), 

3 

satisfy  the  real  part  condition  given  by 


lrll  lr22 


lr12  -  0 


(1-62) 


3 

and  in  addition,  satisfy  the  Fialkow  condition  that  the  numerator 
coefficients  of  ^  be  positive  and  no  greater  than  the  corres¬ 
ponding  ones  in  ^Z^  and  -^ZZ’  APP^yln6  these  requirements  to 
the  Darlington  D  section,  Guillemin  shows  that  the  additive  trans¬ 
former  may  be  eliminated  to  yield  the  structure  of  Fig.  (1-15)  if, 
in  eq.  (1-54),  2  k^2  <  kQ,  which  in  turn  requires  that  the  trans- 
mission  zeros  lie  in  the  shaded  region  of  Fig.  (1-14)  . 


# 

Guillemin  also  discusses  in  detail  the  application  of  the  Fialkow 
condition  to  other  two -port  structures  to  achieve  unbalanced 
structures  without  mutual  coupling. 


Fig.  (1-15)  Variation  in  the  Darlington  D  Section 


Fig.  (1-14)  Location  of  Transmission  Zeros  of  Fig.  (1-15) 
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One  further  observation  will  complete  the  work  of  Chapter  I* 
Throughout  the  discussion  in  this  section*  it  has  been  assumed  that 
Z  has  already  been  augmented  so  that  num  EvZ  has  zeros  of  even 
multiplicity  only.  Let  it  now  be  assumed  that  this  is  not  the  case. 
Consider  the  non-reciprocal  syntheses  of  Sections  1.6  and  1.7.  The 
lossless  networks  in  these  syntheses  still  realize  the  real  and 
complex  zeros  of  num  EvZ  but  these  zeros  are  no  longer  identical 
with  the  zeros  of  Z^g.  Rather  the  zeros  of  Z12  are  the  left-half 
plane  zeros  of  num  EvZ,  the  remaining  zeros  being  assigned  to  Zg^. 
For  example*  the  lossless  network  sections  in  Figs.  (1-4)  and  (1-5) 
realize  a  pair  of  real  zeros  of  num  EvZ  where  Z^„  contains  the  one 
in  the  left  half  plane.  The  sections  in  Figs.  (1-6)  and  (1-7) 
realize  a  quadruplet  of  complex  zeros  of  num  EvZ,  whereas  the  sec¬ 
tions  in  Figs.  (1-8)  and  (l-S)  realize  one  pair  of  real  zeros  and 
one  quadruplet  of  complex  zeros  of  num  EvZ. 


CHAPTER  II 


PROPERTIES  OF  THE  IMPEDANCE  OPERATOR 


2.1  Introduction 

In  Chapter  I,  several  non-reciprocal  lossless  networks  were 
derived  using  the  Darlington  synthesis  procedure  with  each  network 
being  terminated  in  a  pure  resistance.  It  was  pointed  out  that  the 

constraint  of  a  resistive 
termination  could  be  re¬ 
laxed  to  permit  a  general 
prf  termination,  £.  Then 
Z  is  represented  in  terns 
of  an  impedance  operator, 
V,  operating  on  £,  as 
shown  in  Fig.  (2-1).  Suf¬ 
ficient  conditions  for 


Fig.  (2-1)  Z  -  VC 


this  representation  are  that  Theorem  A  be  satisfied  and  that  V  be  a 
lossless  network. 

The  Darlington  synthesis  of  V,  the  mathematical  properties  of 
V  and  £  and  the  utilisation  of  V  in  the  analysis  and  synthesis  of 
networks  are  the  subject  matter  of  this  chapter. 

2.2  Darlington  Synthesis  of  the  V  Operator 

Let  eqs.  (1-2),  (1-3)  and  (1-4)  be  rewritten  slightly  to 
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give 


* 


Z 


m1Q1  + 
m2  +  n2<l 


(2-1) 


m2 


(2-2) 


Z 


Vl 


(2-3) 


To  relate  the  right  hand  side  of  eq.  (2-l)  to  the  network  of  Fig. 
(2-1),  the  equations  for  the  latter  are  written  as 


1  “  I1Z11  *  I2Z12 
2  "  I1Z21  +  X2Z22 


I2( 


(2-4) 


Solving  for  the  driving  point  impedance  yields 


Z11Z22  "  Z12Z21 


Z  - 


*11 


T22  ^ 


(2-5) 


Eq.  (2-1)  may  be  rearranged  in  two  ways  to  match  eq.  (2-5)  in  the 
same  manner  as  was  done  in  Section  1.2. 


* 

The  subscripts  on  7  and  £  are  Introduced  to  distinguish  this  impe¬ 
dance  operator  and  termination  from  others  to  be  presented  later 
in  the  chapter. 


59' 


Z 


n«  Wp 

*  -=■  ♦  Ci 
n2  1 


Z 


1.  +  ^ 

^1  £l _ 

m2  n2  1_ 
®2  *  ^1 


(2-6) 


(2-7) 


where*  in  eq.  (2-6) 


*11  ’nj*  *22 '4  “* 


V  V 
V12V21 


num  EvV 


n. 


(2-8) 


and,  in  eq.  (2-7) 


^22  "  ^  and  V12V21 


-num  EvV 

— 5 — 


(2-9) 


Eqs.  (2-6)  and  (2-7)  represent  extensions  of  the  two  Darlington 
synthesis  procedures  discussed  in  Chapter  I  whereby  the  usual  one- 
ohm  resistive  termination  is  replaced  by  ^  in  eq.  (2-6)  and  l/Cj 
in  eq.  (2-7).  V^,  Vgg,  V^g  and  are  the  "Z  parameters"  of  the 
lossless  operator  network. 

The  cascade  nature  of  the  V  operator  may  be  developed  by 
letting  ^  in  eq.  (2-1)  be  expressed  by 


Cl 


">5  C2  ♦  n5 
n4  +  n4  C2 


C2 


(2-10) 
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m-  +  n„ 

where  V„  ■  - — ■  ■  ■  (2-11) 

&  m  -  ♦  n, 

4  4 

Introducing  eq.  (2-10)  into  eq.  (2-3)  gives 

Z  "  W2}  (2-12) 

-  ,  fj saw** 

The  form  of  eq.  (2-12)  suggests  a  cascade  representation  of  Z  in 
terms  of  two  V  operators  and  a  terminating  impedance.  The  result 
can  be  extended  to  include  additional  V  operators. 

The  concept  of  the  V  operator  is  useful  in  both  the  analysis 
and  synthesis  of  networks.  In  an  analysis  problem*  the  network  is 
subdivided  into  four-terminal  lossless  cascaded  sections  and  a  ter¬ 
minating  impedance.  The  driving  point  impedance  of  the  overall 
network  is  calculated  by  considering  that  each  four-terminal  sec¬ 
tion  operates  on  the  ones  following  it.  Each  V  is  derived  by 
determining  the  driving  point  impedance  of  its  four-terminal  sec¬ 
tion  with  a  one-ohm  resistive  termination. 

In  a  synthesis  problem*  Z  is  given  as  the  ratio  of  two  poly¬ 
nomials  in  s  and  from  this  function*  the  V  and  C  functions  must 
be  found.  Then  each  V  is  synthesised  by  either  eq.  (2-6)  or  eq. 
(2-7)  with  a  one-ohm  resistive  termination  and  the  resulting  net¬ 
works  are  cascaded  and  terminated  in  Q. 

These  concepts  of  analysis  and  synthesis  are  illustrated  by 
examples  in  the  following  sections.  The  use  of  Impedance  operators 
in  cascade  synthesis  procedures  is  developed  in  detail  in  Chapters 
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IH  through  7. 

2.3  The  Associative  Law 

Theorem  D 

The  impedance  operator  V  obeys  the  associative  law  of  multi¬ 
plication. 

The  proof  of  Theorem  D  involves  the  straightforward  expansion 
of  three  general  V  operators  and  appears  in  Appendix  l.A.  Because 
of  the  theorem,  the  parentheses  in  eq.  (2-12)  are  unnecessary.  This 
is  illustrated  by  the  following  example. 

Example  1 


It  is  desired  to  compute  the  driving  point  impedance  Z  of  the 
network  of  Fig.  (2-2)  by  using  the  impedance  operators  7^  and  7g. 
This  is  done  in  two  ways,  to  illustrate  the  associative  property  of 
the  impedance  operators.  Each  operator  may  be  derived  by  placing 
a  one-ohm  resistance  at  its  output  terminals  and  computing  its  in- 


-42- 


put  impedance.  The  procedure  yields 


2  2 
s*  ♦  2s  „  _  s  ♦  1 

'  V2  1 - 


'l  T 

x  s  ♦  2s  ♦  4 


s~  ♦  s  ♦  1 


«2  “  rVr 


Since  each  operator  network  is  purely  reactive*  the  operation  indi¬ 
cated  by  eqs.  (2-1)  and  (2-10)  may  be  applied. 


V  +  8  +  1  J 

vs  ♦  8  ♦  Y 


V  V  ■ 
vlv2 


A  *  J> 

_  s  ♦  2s  ♦  3s  ♦  2s 

*  ~l - * - 5 - 

s  ♦  3s  °  5s  ♦  6s  ♦  4 


(s4  ♦  3s2)  ^ ^ 1 ^  ♦  2s5  ♦  2s 


z  •  (v,v2)e  “  - 5 — 2 — - r- 

s4  ♦  5s  ♦  4  ♦  (3s5  ♦  6s) 

8  ™  1 


4*9 

_  3s  ♦  2s  +  5s  ♦  2s 

>  - t - r - s - 

s  ♦  s*  ♦  8s°  ♦  5s*  ♦  10s  ♦  4 


s2  ♦  1 


7  r  -  (a  ♦  1)  i~*T _ 

2  s2  ♦  1  +  s  — s5  ♦  s2  ♦  2s  ♦  1 


z  -  VV) 


- ) ♦ * 

V  ♦  8*  ♦  2s  ♦  1  y 


♦  4  ♦  2s  (Ly--g - 

V  s5  ♦  sZ  ♦  2s  ♦r 


■43 


3s4  »  2s3  ♦  5a2  +  2a _ 

s5  +  s4  +  8s3  +  5s2  +10s+4 


The  two  Z  functions  are  identical,  illustrating  the  validity 
of  the  associative  property. 

2.4  Even  Part  Relationships 

The  even  part  of  in  eq.  (2-2)  is  given  by 


EvV^ 


”lm2  "  nln2 

— 2 — r~ 

mZ  ~  n2 


(2-13) 


and  similarly  for  all  other  V  operators.  Let  V  be  given  by 


V1V2 


n 


(2-14) 


Theorem  E 

The  numerators  of  the  even  parts  of  a  series  of  cascaded  V 
operators  are  related  by 

num  EvV  ■  (num  EvV^)(num  EvVg)  ....  (num  EvV^) 

(2-14) 

It  follows  from  eq.  (2-15)  that  if  Z  is  given  by 

2  •  Vz  -•  7n<n 

# 

The  proof  appears  in  Appendix  l.B. 
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then 

num  EvZ  *  (num  Ev7^)(num  Ev7g)  ....  (num  EvVn)(num  Ev^) 

(2-17) 

Thus  the  zeros  of  num  EvZ  are  split  between  the  7  operators  and 

the  terminating  impedance  in  somewhat  the  same  fashion  as  described 

in  Section  1.9.  The  difference  lies  in  the  fact  that.,  generally, 

arbitrary  constants  are  incorporated  in  each  operator  and  these  can 

cause  the  elimination  of  the  zeros  of  num  Ev7.,  ...  num  EvV  from 

l  n 

num  EvZ  as  explained  in  the  following  section. 

2.5  Specific  7  Operators 

In  the  general  synthesis  problem,  Z  is  known  but  7  and  £  are 
not.  Eqs.  (2-6)  and  (2-7)  provide  a  useful  synthesis  procedure 
only  if  7  and  £  can  be  separated  and  £  can  be  reduced  in  rank  com¬ 
pared  with  Z.  The  relationship  given  by  eq.  (2-17)  is  necessary 
in  the  separation  of  7  and  £  and  in  reducing  the  rank  of  £,  but  is 
not  sufficient  by  itself.  To  pursue  the  problem  further,  let  Z 
in  eq.  (2-1)  be  given  specifically  by 


Z 


a  ♦ 


(2-18) 


Assuming  no  common  factors  have  been  cancelled  from  the  numerator 
and  denominator  of  Z  after  ths  expansion  Z  •  7£. 
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and  let  1x1  *3*  (2-10)  be  given  specifically  by 


^1 


bc2  ♦  >Clb 


(2-19) 


where  a  and  b  are  positive  real  constants  and  Z&  and  ^  are  the 
values  of  Z  and  ^  at  s  "a  and  s  ■  b,  respectively.  The  V 
operators  corresponding  to  eqs.  (2-18)  and  (2-19)  are 


a  +  sZ. 


(2-20) 


k  +  ®Cik 

V2  -  - (2-21) 

*  b  ♦  -p— 

*lb 

Theorem  7 

According  to  a  theorem  by  P.I.  Richards*5  in  eq.  (2-18) 
is  prf  if  a  is  a  positive  real  constant  and  Z  is  prf.  Also  Cg  In 
eq.  (2-19)  is  prf  if  b  is  a  positive  real  constant  and  is  prf. 

Thus  Richards'  Theorem  is  a  special  case  of  Theorem  A  in 
Section  (1.1).  Eq.  (2-18)  may  be  solved  for  to  yield 


The  term  s  -  a  is  a  factor  of  both  numerator  and  denominator 
eq.  (2-22)j  therefore  ^  is  the  same  rank  as  Z.  But  if  EvZ^ 


(2-22) 

in 
■  0, 
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then  s  +  a  is  also  a  factor  of  both  the  numerator  and  denominator 

in  eq.  (2-22}  and  is  two  less  in  rank  than  Z.  Similarly,  if 

Ev£^b  ■  0,  is  two  less  in  rank  than  and  thus  four  less  in 

rank  than  Z.  But  -  0  requires  that  EvZ^  *  0.*  Thus  making 

EvZ&  -  EvZfe  -  0  insures  that  £2  is  four  less  in  rank  thin  Z.  This 
is  the  principle  of  zero -cancellation  synthesis.4 

Conversely,  let  s  -  -  a  in  eq.  (2-22).  Then,  if  EvZa  /  0, 

^l(-a)  "  ^a*  case>  ^  in  eq.  (2-18)  has  the  factor  s  ♦  a 

in  both  its  numerator  and  denominator.  Cancellation  of  this 
factor  causes  eq.  (2-17)  to  be  invalid  as  mentioned  in  the  footnote 
to  that  equation.  Effectively  num  EvV^  is  eliminated  from  num  EvZ 
when  the  s  +  a  factor  is  cancelled. 


■lb 


a2b  ~  bZa 

i:r*b 


and 


.  "  z(-b>  -b  z. 

cu-b)  77E~7 - 

*  rz(-b) 

a 


To  make  EvClb  ■  0,  ie  Clb  ■  “Ci(_b)>  requires  that 


C.2  -  b2)  -  -C.2  -b2)^ 


•** 

r  &  Z(-a)  *  a  Za  „  numEvZa 

^l(-a)  .  a  „  Ea  num  EvZ 

S  +  \  Z(- a) 

Thus  if  num  EvZ&  /  0 

Then  s  «  -  a  makes  Z^j  in  eq.  (2-18)  indeterminate  (2.)  and  this 
a  common  factor  can  be  cancelled  from  both  the  numerator  and 
denominator  of  Z. 


-b)  or  EvZb  “  0 


This  is  guaranteed  if 


Example  2 
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I 


1 

I 


To  illustrate  these  principles  and  the  use  of  the  7  operator 


in  network  synthesis,  the  following  driving  point  impedance  is 
synthesized  using  the  operators  of  eqs.  (2-20)  and  (2-21)  and  the 
form  of  eq.  (2-12). 

„  _  2s4  +  2s3  +  9s2  +  5s  +  1 

Z  "  5  2 

2s  ♦  2s  ♦  5s  +2 


The  constants  a  and  b  are  chosen  such  that  EvZ&  ■  EvZ^  ■  0.  Then, 
since  Z  is  of  rank  7,  is  of  rank  3. 

num  EvZ  ■  (2  -  s2)(l  -  2s2) 


choosing  a 


—  and  b  ■ 


/2  gives 

“  ^  \  m  n 


h 


v/?  & 

—  Z  -  a/Z 

—  -  —  sZ 

v'?  v* 


,  „  * 
1  ♦  2s 

1  ♦  s 


Z  -  2s 
1  -  sZ 


2 

_  8  ♦  3  ♦  1 

*  T - ? - 

s°  ♦  s  ♦  4s  ♦  2 


It  is  permissable  to  multiply  the  numerator  and  denominator  of 
V  by  a  constant  to  simplify  the  computations. 
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rlb 


Jill 


1*1 


s/l  + 


4  1  +  28 


Cl  -  S  +  8+2 

v*-ri  "  4s+4 

/* 

The  complete  synthesis  of  Z  is  shown  in  Fig.  (2-3).  The  components 
of  are  derived  from  eq.  (2-8). 


C2  "  *  'tot 


num  EvV.  *  1  -  2sZ  ■  (1  ♦  s)(l  ”  V%  s) 


1  1  1  -  "75  1  1 

VU  2s  *  22  5s  *  12  2s  Ss  -  0  /» 

21  2*2 

Note  that  in  the  syntheses  of  and  Vg,  non-reciprocal 
gyrators  are  required  since  m^m^  -  n^n^  is  not  a  perfect  square. 
Methods  of  eliminating  such  gyrators  are  discussed  in  Chapter  III. 


Eq.  (2-9)  could  also  have  been  used. 


*o|H 
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Since  the  parentheses  in  eq.  (2-12)  have  no  significance,  it 
is  pennis sable  to  combine  and  Vg  into  a  single  operator  and 
synthesize  the  combination. 


V1V2  ‘ 


1  +l 

1  1  ♦  2s  +  2s 


1  ♦ 


1  ♦  s 


1  ♦  2s 


.  2  .  9s  .  , 

4s  ♦  -j-  ♦  1 

1 - 

~  ♦  3s  +1 
4 


num  Ev  V^g  c  (s2  ♦  l)2  -  |-  s2 


(2-8). 


The  components  of  the  combined  operator  are  obtained  from  eq. 
* 

2 


V  -  Mill 

V11  3s 


♦  1 


'22  58 


82  ♦  1  ♦  38 


'12 

21 


5s 


J1 


The  oomplete  synthesis  of  Z  using  the  combined  operator 
appears  in  Fig.  (2-4). 


Eq,  (2-9)  could  also  be  used  and  would  lead  to  a  network  of  the 
form  of  Fig.  (1*7). 


Fig.  (2-4)  Synthesis  using  the  Combined  V  Operator 


From  this  definition,  it  follows  that 

V^1  -  V"^  -  £  (2-25) 

which  defines  a  unit  V  operator. 

It  should  be  noted  that  any  operator  which  is  the  ratio  of 
two  equal  even  polynomials  in  s,  when  operating  on  yields 
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Furthermore*  any  operator  which  is  the  ratio  of  two  equal  odd  poly¬ 
nomials  in  s,  when  operating  on  gives  l/C^*  The  former  acts 
like  a  unit  operator  and  the  latter  is  an  inverting  operator. 

The  squared  V  operator  may  be  derived  directly  from  eq.  (2-2). 


V  V 

VI 


2 

(m^  ♦  n^g)  +  ni^"i  +  mz ) 


T 


(2-26) 


tm2  *  Vz)  *  n2(^  .  »2) 

If  a  prf  impedance  is  squared  in  the  usual  sense*  the  result  is 
meaningless.  However*  if  the  squaring  is  done  in  the  sense  of  eq. 
(2-26),  the  result  does  have  meaning  in  that  is  prf  if  is  prf. 

2.7  The  Commutative  Law 

Generally  the  commutative  law  does  not  hold  for  the  V  operator. 

However*  under  certain  conditions,  V^Vg  ■  VgV^.  These  conditions  are 

now  derived  using  the  V  operators  in  eqs.  (2-2)  and  (2-11). 

(m^mj  ♦  n^n^)  ♦  (m^  ♦  n^m^) 


V,V, 


12  (m^r4  ♦  ngRj)  +  (®2n4  +  V3) 


V„V, 


(m^mj  ♦  n2ns^  +  +  nlm3^ 

'2V1  "  (m^n4  ♦  nxn4)  ♦  (m^  *  n^) 

For  and  Vg  to  commute,  it  is  necessary  that 

V5  *  nln4 

nl(m4  -  m5)  -  n5(m2  -  m^ 
n2(m4  -  m5)  -  n4(mg  -  n^) 


(2-27) 

(2-28) 


(2-29) 


Theorem  0 

The  necessary  and  sufficient  conditions  for  the  commutation  of 
two  V  operators  is 

°1  n2  ~  ^ 

nj  n4  m^  — 


(2-50) 
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Eq.  (2-30)  follows  directly  from  eq.  (2-29). 

With  7^  restricted  to  the  form  of  eq.  (2-2),  it  is  pertinent  to 
compose  a  general  form  of  7g  which  satisfies  eq.  (2-50)  and  is  prf. 
This  general  form  is 


V2"> 


m^s)  ♦  G(s)J  ♦  n^F(s) 


mgF(s)  ♦  0(s)J  +  ngF(s) 


(2-31) 


where  F(s)  and  G(s)  are  even  polynomials  in  s,  and 

reactance  functions,  and  G(s)F(s)(m1  ♦  m g)  -  G(s)2  ♦  FfaHmjing-n^np^O 
* 

on  the  jco  axis. 

One  case  of  interest  results  if  7^  and  7g  are  represented  by 
the  equations  - 


are 


mg  ♦  q  ng 
1  m2  *  n2 


"4  *  0  n4 

2  m.  ♦  n. 

4  4 


(2-52) 

(2-35) 


where  a  is  a  positive  real  constant.  These  two  operators  satisfy  the 
conditions  of  eq.  (2-50)  and  thus  are  commutative.  Also  their  form 
is  such  that  each  may  be  synthesized  by  the  non-reciprocal  Darlington 
procedure  without  transformers.  Furthermore  the  combined  operator, 
V„,7g,  may  also  be  synthesized  without  transformers. 


These  statements  are  verified  in  Appendix  l.C 
**Fbr  example,  nun  EvV^  -  m|  -  a^g 


•  *  V11  '  v22  •  5T  and  V12 


21 


"2 

—  ♦  o 
n2  “ 


The  same  general  form  results  for  the  synthesis  of  7^7g. 
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These  syntheses  are  shown  in  Fig.  (2-5). 


Fig.  (2-5)  Commutative  Operator  Syntheses 


A  second  case  of  interest  illustrates  a  pseudo -commutative 
property  possessed  by  two  prf  impedance  functions  represented  by 
and  Yg  as  follows: 


*1 


5. 

m2 


(2-54) 


*8 


♦  N. 

zprw 


Define  tw)  new  operators 


V  and  V  such  that 

x  y 


V 

x 


2 

(n^  ♦  n^  ♦  K  (mg  ♦  ng) 
(m1  ♦  n1)  ♦  (m2  ♦  ng) 


(2-35) 


(2-36) 


(^  ♦  H1)  ♦  K2(M2  ♦  N2) 
Vy  ’  (Mx  ♦  N1)  ♦  (M2  ♦  N2) 


(2-57) 


in 


wliere  K  is  an  arbitrary  positive  real  constant.  By  rearranging 


-54- 


V  and  V  j  it  is  easy  to  show  that  each  is  prf  if  y^  and  Yg  are 
3c  y 

* 

prf.  Let  operate  on  yg  in  the  following  manner  to  yield  a  new 
function  denoted  by  Z^ 


Z1 


(n^  ♦  n^  y2  +  K2(m2  +  ng) 

»1  +  YgUg  ♦  ng) 


(2-58) 


Similarly*  let  V 

y 

new  function  Zg 


operate  on  y^  in  “the  same  way  to  yield  a  second 


(M.  *  M  )  y  +  K2(M  ♦  N2) 
z2“  — 


(2-39) 


nq.  ^<c-oo;  may 


*1 


♦  n. 


Yo  ♦ 


.2  m2 


m^  + 


m2  +  n2  *1  +  nl 


m2  *  n2 


+  Y9 


(2-40) 


Since  all  terns  on  the  right  hand  side  of  eq.  (2-40)  are  prf,  eq. 

(2-4D)  may  be  matched  term-for-term  with  eq.  (2-  5)  and  thus  Z-^ 

represents  a  prf  driving  point  impedance.  A  similar  proof  may  be 

applied  to  eq.  (2-59)  to  show  that  Z2  represents  a  prf  driving 

point  impedance.  Alternatively,  from  the  definitions  of  y^  and 

Y2,  Zg  and  Z^  are  identical  and  therefore  V^Yg  ■  V^y^  *  Z1"Zg*  Z. 

Darlington -type  syntheses  of  V^Yg  and  V^y^  yield  the  two  networks 

of  Fig.  2-6.** 

# 

This  is  proved  in  Appendix  1*D. 

These  syntheses  are  presented  in  Appendix  l.E. 
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Fig.  (2-6)  Pseudo -Commutative  Operator  Syntheses 


The  operations  defined  by  eqs.  (2-58)  and  (2-59)  are  considerably 
different  from  the  original  operation  defined  in  eq.  (2-1)  since  each  of 
the  terms  in  eqs .  (2-58)  and  (2-59)  is  a  mixture  of  even  and  odd  polynom¬ 
ials  ins.  Stated  another  way,  the  operations  in  eqs.  (2-58) and (2-59) 
do  not  require  that  resistance  be  present  only  in  the  terminating  im¬ 
pedance.  and  Yg  in  Fig.  (2-6)  are  generally  RLC  impedances  and  thus 
resistance  is  permitted  in  both  the  operator  and  the  termination.  The 
two  networks  in  Fig.  (2-6)  illustrate  the  pseudo -commutative  property 
in  that  Yj_  and  Yg  ^ay  be  interchanged  without  changing  the  driving 
point  impedance*  Z. 

It  should  be  understood  that  the  intention  of  this  discussion 
was  to  show  the  existence  of  the  pseudo -commutative  property.  No  study 
has  been  made  of  ways  in  which  a  given  driving  point  impedance  might 
be  separated  to  obtain  V^and  Yg  or  V^and  y^*  Ibis  latter  problem  is  dis¬ 
cussed  further  as  a  proposed  topic  for  future  investigation  in  Chapter  VI. 

A  third  case  of  interest  is  the  possible  commutation  of  the 
Richards '  Theorem  operators  of  eqs.  (2-20)  and  (2-21).  Combining 
these  operators  yields 


-56- 


2  Za 


V1V2 


s  +  s(bZa  ♦  aflb)  +  ab 


*,b 


(2-41) 


Vi 


s2  jr^*  +  ®(bza  +  *Ciy>)  *  ab 

ft 

2  Za  s'  b  .  a  N  _  . 

8  ^b  Mr  5*  ^ 


(2-42) 


The  requirement  for  commutation  is  ■  Za  and,  when  this 
requirement  is  met,  no  transformers  are  required  in  the  synthesis 
of  V^Vg.  The  necessary  and  sufficient  conditions  for  satisfying  this 
requirement  and  its  use  in  cascade  synthesis  procedures  are  devel¬ 
oped  in  Chapters  III  and  V. 

2.8  The  Distributive  Law 

The  distributive  law  for  the  V  operator  is  written  as 


C7X  *  yCl  -  Tltl  *  VsCl  (2-45) 

where  7^  and  7g  are  given  by  eqs.  (2-2)  and  (2-11),  respectively. 
Eq.  (2-45)  does  not  hold  for  all  7^  and  7g  unless  is  a  one-ohm 
resistance.  For  a  general  a  constraint  is  needed  on  7^  and  7g 
in  order  that  eq.  (2-43)  be  valid.  Tb  obtain  this  constraint,  the 
two  sides  of  eq.  (2-45)  are  expanded  to  give 
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rr^  +  n.  in,  +  n, 

<7i  *  V«i  ■  (-^pnq  *  s^X  (2'44) 


Mi  +  7?C 


ml^l  tnl  A  Vl  +  n3 


lbl  Z'l  mp  ♦  nz^l  ma  + 


^ 1 


(2-45) 


In  eqs.  (2-44)  and  (2-45),  make  the  substitution 


m4  ■  kmg,  n4  -  kng  (2-46) 

where  k  is  a  positive  real  constant.  This  requires  that  the  ratio 
of  the  denominators  of  Vg  and  equal  k.  The  result  is 

4% 

(Ti  ♦  vq  ■  Vi  *  Vi - - - 

(2-47) 

The  result  of  eq.  (2-47)  may  be  extended  as  follows* 


Theorem  H 

The  V  operator  obeys  the  distributive  law  given  by 

<Ti  ♦»*♦••••  vq-vi  ♦%♦••••  Vi 

(2-48) 

only  if  the  denominators  of  V^,  Vg  ....  are  equal  or  differ  by 
a  positive  real  constant. 

Theorem  H  can  be  verified  by  expressing  the  left  side  of  eq. 
(2-48)  in  the  form 
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^1Cmijeci  +  nii}  kt 


«o  ♦  »oC 


(2-49) 


which;  when  expanded;  is  identical  to  the  right  side  of  eq.  (2-48). 


Theorem  I 

With  the  constraint  of  Theorem  H,  the  even  part  numerators 
are  related  by 

num  EvV  *  man  EvV,  ♦  man  Ev7„  +  ....  num  EvV 
x  <c  n 

(2-SO) 

Theorem  I  may  be  verified  by  direct  expansion. 

The  distributive  law;  under  the  constraint  of  Theorem  H;  is 
useful  in  synthesis  procedures  using  impedance  operators. 

For  example,  let  7  in  eq.  (2-2)  be  distributed  to  give 


_ T  .  y 

"2  *  n2  *2  *  n2  11  21 


(2-SI) 


and  gV^  satisfy  eq.  (2-46)  with  k  *  1.  Thus  they  may  be 
separately  synthesised,  each  terminated  in  and  then  summed  to 

give  Z,  assuming  ^7^  and  g7^  are  prf. 

71  may  be  distributed  in  an  infinite  number  of  ways  to  suit 
the  requirements  of  the  particular  synthesis  desired.  However  the 
individual  parts  of  7^  must  each  be  prf  if  they  are  to  represent 


realizable  networks 
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Example  5 

Consider  the  impedance  given  by 

(s2  ♦  2)C,  +  s 

z  -  ± - 

Sc  + 1  +  sq 


2 

s_  ♦  s  +  2 

2  .  .  , 

s  ♦  s  ♦  1 


q  is  not  a  minimum  resistance  function.  However  it  may  be 
easily  synthesized  without  first  removing  resistance  if  it  is  dis¬ 
tributed  as  follows t 


s2  ♦  1  +  s+l 

S2  ♦  S  +  1  8  ♦  8  ♦  1 


num  EvV^ 


(s2+  l)2  ♦  1 


The  parts  of  q  are  each  prf  and  may  be  synthesized  directly 
from  eqs.  (2-6)  and  (2-8)  without  the  use  of  gyrators  (since  both 
even  part  numerators  are  perfect  squares).  The  result  appears  in 
Fig.  (2-7). 


*  7 

Guillemin  describes  a  method  known  as  "resistance  padding” 
which  permits  certain  impedances  to  be  realized  by  simple  net¬ 
works.  Application  of  this  method  to  q  yields  the  separation 
indicated  and  the  network  of  Tig.  (2-7). 


The  operations  described  in  the  previous  sections  may  be  more 


concisely  stated  using  matrix  notation.  These  relations,  all  of 
which  may  be  verified  by  direct  matrix  expansion,  are  now  presented. 


1 


“l  nl 


n2  ®2 


(2-52) 


▼iC 


*5  n5 
n4  n4 


["inJ 

[nz"j] 


(2-55) 


Cl 

1 


(2-54) 


1 

The  partitioning  of  the  first  operator  in  this  and  other  equations 
is  necessary  to  make  the  matrices  compatible  and  to  obtain  a  ratio 
of  polynomials  as  a  final  result. 


I 
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viv2^i  "  r  1 

Ln2  m2J  Ln4  m4 


[”ini] 


"s  "s 


(2-55) 


CV1  +  V<1  - 


["l"l]  ["s  ns] 

r - n  +  p - y  I  (2-56) 

Ln2  m2j  Ln4  m4J 


When  /  km^  and/or  n4  /  kn^. 


<Ti  *  vz>Ci 


K"i] 


*4  n4 
n4  ”4 


,  ["2  nz] 


N 


“3  n5 


m5 


m4  n4 
n4  ®4 


L1 

(2-57) 


When  m4  ■  km,,  and  n4  ■  kn^. 


k*?  v"4] 

["l! *2  _ 


(Vi  ♦  t2)Ci  ■ 


•  Vl  *  T2Cl 


(2-58) 


The  numerator  of  the  even  part  of  in  matrix  form,  la 


num  Ev  V,  ■ 


*1  nl 
n2  "2 


“ln2  "  nln2 


(2-59) 


V,  I  •  determinant  of  V, 


i 
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The  syntheses  of  by  the  two  Darlington  procedures  using 
eqs.  (2-8)  and  (2-9)  may  also  be  formulated  in  matrix  notation 
(assuming  |v|  is  a  perfect  square,  ie  ■  Vgl). 


\l  V12 

\  Kl1/2‘ 

_V21  V22 

n2 

W172  . 

\l  V12 

.  i 

‘  ni  c-Kir 

_V21  V22 

“2 

c-wr  . 

(2-eo) 


(2-61) 


The  inverse  and  unit  operators  may  also  be  expressed  in  matrix  form. 


—  — 

«1  n2 

nl  mZ 


(2-62) 


(2-63) 


(2-64) 


(2-65) 
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rh  .H 

\  V1  1 


rr  C"z  "'J 


|^[  h  "i] 


"l  nl 


n2  m2| 


1  0 
0  1 


(2-66) 


The  Richards  *  Theorem  operators  of  eqs.  (2-20)  and  (2-21)  and 
the  combined  operator  operating  on  Cg  can  b®  concisely  expressed  in 


matrix  form. 


a  sZ. 


t  * 


7  - 

2 


b  s£ 


lb 


V2c2 


r  b 

•lb 


a  sZ, 


b  “Clb 
8 


cj 

1 


C2-67) 


(2-68) 


(2-69) 


C  HA  PTES  III 


CASCADE  SYNTHESIS  USING  IMPEDANCE  OPERATORS  OP  RANK  2  AND  4 


3.1  Introduction 

In  this  chapter  impedance  operators  of  rank  2  and  4  are  in¬ 
vestigated  in  detail.  Through  these  operators*  it  is  shown  that 
nine  realizable  network  sections  (Fig.  3-1)  containing  one  or  more 
arbitrary  constants  may  always  be  removed  from  an  RLC  driving  point 
impedance  function  leaving*  in  cascade*  a  terminating  impedance 
which  is  realizable  and  contains  the  same  arbitrary  constants.  These 
constants  may  be  used  to  produce  desired  characteristics  in  either 
the  removed  sections  or  the  terminating  impedance. 

Seven  of  the  removed  sections  contain  gyrators.  Methods  are 
developed  whereby,  through  proper  choice  of  one  or  more  of  the 
arbitrary  constants*  the  gyrators  may  be  eliminated  so  that  the 
removed  sections  are  purely  reactive  and  reciprocal. 


3.2  Rank  2  Operator  Formulation  and  Synthesis 

Let  Z  be  represented  by  eq.  (2-18)  and  the  associated  V  opera¬ 
tor  (which  is  of  rank  2)  by  eq.  (2-20).  These  equations  are  re¬ 


peated  below s 


Z 


(3-1) 


Some  of  the  sections  in  Fig.  (5-1)  have  non-cascade  representations 
which  do  not  include  gyrators  or  transformers.  These  are  not  con¬ 
sidered  since  the  purpose  here  is  to  develop  cascade  synthesis 
procedures. 
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00 


(continued  on  next  page) 


CD 

Fig.  (3-1)  Network  Sections  which  may  Always  be  Removed  from  Z 

The  n-  and  m-type  Darlington  representations  of  eq.  (3-2)  are 

the  network  sections  of  Figs.  (3-la)  and  (3-lb),  respectively.  These 

sections  may  always  be  removed  from  an  RLC  driving  point  impedance. 

The  element  values  and  terminating  impedances  are  shown  in  Fig.  (3-2) 

for  the  n-type  and  in  Fig.  (3-3)  for  the  m-type  synthesis.  The 

constant  appearing  in  each  figure  is  completely  arbitrary  except 

* 

that  it  must  be  positive  real. 


Fig.  (5-2)  n-Type  Rank  2  Fig.  (3-3)  m-Type  Sank  2 


<R> 

This  has  been  discussed  in  Section  2.5. 
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The  n-type  network  of  Fig.  (3-2)  ia  derived  using  eq.  (2-8)  as 
follows: 

2  2 

num  Ev  ■  a  -  a 


aZa 

V12  "  -T  1  Za 
21 

*2, 

V  ■  V  m  -  -  - 
V11  v22  a 


(3-3) 


Eq.  (2-9)  ia  used  in  obtaining  the  m-type  network  of  Fig. 
(3-3).  The  terminating  impedance  (l/C^)  ia  scaled  to  Z*/g^  to 
avoid  the  uae  of  a  transformer  in  the  synthesis  of  V^.  Thus 


2  ^1 

aZa  3  +  BZ. 


Ci 

a  ♦  sZ  — 75— 

zT 


(3-4) 


aZ"  +  sZ 

vi  'rhzr1 


(3-5) 


and  the  synthesis  of  is 


-  num  Ev  V1  -  Z2(s2  -  a2) 


Zas 

vi2  -t:z. 

21 

V 

V11  "  V22  "  "ST 


(3-6) 
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3.3  Equivalent  Rank  2  Operator  Networks 

Consider  the  network  section  shown  in  Tig.  (3-4).  Its  Z 
parameters  are 


zi2  ■  i  K 
21 


Then  eq.  (3-7)  becomes 


(3-7) 


aZa 

ZU  -  Z22  -  -r 


iz. 


Similarly  let  and  K  -  Z#.  Then 


Za8 

*11  "  Z22  “  T- 


Za8 

21 


(3-8) 


(5-9) 


Syntheses  of  eqs.  (3-8)  and  (3-9)  directly  yield  the  sections  of 
Figs.  (3-2)  and  (3-3).  Therefore  the  networks  of  Figs.  (5-5)  and 
(3-6)  are  equivalent  to  those  of  Figs.  (3-2)  and  (3-3),  respec- 


tively,  and  their  sections  may  always  be  removed  from  Z.  The  sec¬ 
tions  appear  in  Figs.  (3-lc)  and  (3-ld). 


Fig.  (3-5)  n-Type  Hank  2  Fig.  (3-6)  m-Type  Hank  2 

3.4  Eliminating  the  Gyrator  from  a  Hank  2  Operator 

A  method  of  eliminating  the  gyrators  which  appear  in  the  net¬ 
work  sections  of  Figs.  (3-la)  through  (3-ld)  is  now  derived  so  that 
a  network  section  containing  only  reactive  reciprocal  elements  can 
always  be  removed  from  Z.  Let  ^  be  expressed  by  eq.  (2-19)  and 
its  associated  V  operator  by  eq.  (2-21).  These  equations  are  re¬ 
peated  below. 


,  bCg  *  *Cib 

11  b.J-c. 


(3-ID) 


b  *  8Cik 

V2  -  - -  (5-11) 

*  b  ♦  rr— 

h\> 

where  b  is  a  positive  real  constant.  Substituting  eq.  (5-10)  into 
eq.  (5-1)  gives  Z  in  terms  of  Qg, 


-TO- 


2 

(ab  +  ®2  £”)  C2  +  s(bZa  +  aW 


^ab  ♦  s 

The  associated  impedance  operator  is 


2  '’lb 

V 


■)  •<£•*>. 


(3-12) 


ab  +  s(bZ  +  )  +  s2  ^4- 


(3-13) 


Theorem  J 

4 

As  a  corollary  of  Theorem  A  in  Section  1,1,  Hazony  has  shown 
that,  if  Z  is  prf,  then  V  in  eq.  (3-13)  and  in  eq.  (3-12)  are 
prf  for  a  and  b  positive  real  or  complex  conjugates  with  a  non-nega- 
tive  real  part. 

The  numerator  of  the  even  part  of  7  may  be  obtained  directly 
from  eq,  (3-13)  or,  more  easily,  by  the  use  of  eq.  (2-15),  The 

•  I 

result  is 

num  EvV  -  (a2  -  s2)(b2  -  s2)  (3-14) 


In  order  to  synthesize  V  without  a  gyrator,  it  is  necessary 
that  eq.  (3-14)  be  a  perfect  square  so  that  This  require¬ 

ment  means  that 


b  •  ♦  a 

2  2  * 
num  Ev  V  ■  (a  -  s  ) 


(3-15) 


is  no  longer  prf  if  a  is  complex  even  though  Z  is  prf. 
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Thus  a  and  b  must  be  real  and  equal  or'  imaginary  and  opposite  in 
sign. 


a2  +  as(Z  ♦  £,  )  *  bZ  rA- 
_ a  ia  Cla 

2  Cla 


2  A 

a  +  a; 


<**£>* 


(5-16) 


*  V 


The  n-type  reciprocal  Darlington  synthesis  of  eq.  (3-16) 
extracts  the  network  section  of  Fig.  (3-le)in  which  the  transformer 
polarity  is  additive.  The  element  values  and  terminating  impedance 
appear  in  Fig.  (3-7).  The  removed  section  is  purely  reactive  and 
oontains  one  arbitrary  positive  real  constant  which  is  also  con¬ 
tained  in  the  termination. 


*lim 

b-»a 


is  a  positive  real  number. 


This  may  be  shown  by  writing: 


Clb  .  *  *b  -  b  z. 

V  *  -  ■>  *b 

For  b  *  ♦  a,  this  expression  becomes  indeterminate  (£•).  Using 
L' Hospital's  Rule  yields  , 

lim  Clb  _  Za  "  aZa 

b-»a  ‘  Za  ♦  a^ 

This  limit  is  positive  real  since  *nd  Za  are  positive  real  for 
any  positive  real  value  of  a  by  Richards'  Theorem. 


I 


I 


The  element  values  in  Fig.  (3-7)  are  obtained  from  eqs.  (2-8) 
and  (5-16).  They  are 


2 

a 


*  8 


(3-17) 


! 


II 
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For  the  case  b  »  -  a,  two  subcases  result  depending  on 
whether  Ev  Z&  is  or  is  not  equal  to  zero.  For  Ev  Zfc  /  0*  eq. 
(3-13)  becomes 


2  2 
v-v-S 

s  -  a 


(3-18) 


This  gives  the  trivial  result  Z  ■ 

For  Ev  Z  ■  0,  V  in  eq.  (3-13)  becomes 


-  a2  -  as(Za  ♦  Cla)  "  s2 


“la 


2  f  1  .1  \  2  Cla 

"  *  "  KC  +  tTJ  ~  8  Z“ 


^la'/ 


C3-19) 


fib  .  *  ^  ~  b  Za 
Za  a  Za  *  K 

For  b  ■  -  a, 

Cl(-«)  -  *  2(-a)  *  *  Z. 

*  Z.  *  *  Z(-a) 

This  expression  is  unity  unless  Ev  Zft  ■  0,  in  which  case  it  be¬ 
comes  indeterminate  (2.).  Using  L1  Haspitals*  Rule  in  the  latter  case 
gives 

Hm  fib  *  Za  *  Za 
b— >-a  Z^  "  a  Z^  - 

9 

This  limit  is  a  positive  real  number  since  the  coefficients  of  s ' 
in  eq.  (3-13)  must  be  positive  real.  This  fbllows  from  the  fact 
that  V  is  positive  real  for  any  a  and  b  which  are  complex  conjugates 

with  a  non-negative  real  part. 

wt 

All  coefficients  in  eq.  (3-19)  are  positive  real  since  a  is  imaginary. 
Also  Cl  (-a)  "  "  Cia  8llice  Z*  "0. 


-74- 


The  n-type  reciprocal  Darlington  synthesis  of  eq.  (3-19)  again 
yields  the  section  of  Fig.  (3-le)  but,  in  this  case,  the  transformer 
polarity  is  subtractive  since 

2  2 

num  Ev  7  -  (s2  -  a2)  -  (s2  +  »2)  ,  a  -  ja#  (3-20) 

o  o 

which  yields  a  positive  mutual  inductance  term  in  Vlg  and  Vgl.  This 
network  is  shown  in  Fig.  (3-8).  It  is  obtained  only  if  Ev  -  0. 


The  element  values  in  Fig.  (3-8)  are  derived  from  eqs.  (2-8) 
and  (3-19). 


2  2 

-  a  ♦  s 


12 


'11 


21 


sD 


(-a) 


-  a2  -  s2  Z* 
a  -  s  j — 

Gla 


sD 


(-a) 


(3-21) 
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2  2  ^la 

‘  -8  V 


'22 


sD 


(-a) 


(3-21) 


The  section  of  Fig.  (3-7)  appears  to  be  identical  with  the 

3  7 

Darlington  Type  C  section*  3  but  there  are  two  important  differ¬ 
ences.  First*  realization  of  the  Type  C  section  demands  that 

2  Z 

num  Ev  Z  have  a  factor  of  the  fom  (A  -  s  )  ,  requiring  a  pair 
of  real  even  j!>art  zeros  of  even  multiplicity.  Often  this  requires 
the  use  of  surplus  factors.  By  contrast*  the  section  of  Fig.  (3-7) 
may  be  removed  from  Z  for  arty  configuration  of  even  part  zeros.  In 
essence  surplus  factors  are  already  built  into  the  impedance  opera¬ 
tor.  Secondly,  the  section  of  Fig.  (3-7)  contains  an  arbitrary 
constant  whereas  the  Type  C  section  does  not.  If  this  constant  is 
chosen  so  that  Ev  Z&  ■  0*  then,  if  these  real  zeros  of  Ev  Z  are  of 
second  order,  is  four  less  in  rank  than  Z  whereas*  if  they  are 
of  first  order*  is  two  less  in  rank  than  Z. 

The  section  of  Fig.  (3-8)  is  identical  to  the  Brune  network*'7 
and  requires  that  num  Ev  Z  have  a  jto  axis  zero  (Z  must  be  a  mini¬ 
mum  resistance  function  or  the  minimum  resistance  must  have  been 
removed).  Thus  the 'Brune  network  results  from  the  impedance 


is  a  positive  real  number 
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operator  approach  for  the  special  choices  b  ■  -  a  and  Ev  Z^  ■  0. 

In  the  event  Z  is  not  a  minimum  resistance  function,  the  mini¬ 
mum  resistance  may  be  removed  at  the  outset.  Then  the  remaining 
impedance  can  be  expressed  by  eq.  (3-12).  Choosing  b  ■  -  a  and 
also  choosing  a  so  that  Ev  Z4  *0  again  permits  the  removal  of  the 
section  of  Fig.  (3-8)  and  the  termination  is  four  less  in  rank 
than  Z.  Now  the  minimum  resistance  may  be  removed  from  and  the 
remaining  impedance  expressed  by  eq.  (3-12),  again  permitting  the 
removal  of  the  section  of  Fig.  (3-8).  The  process  may  be  continued 
until  the  termination  is  reduced  to  a  rank  of  two  or  less.  This  . 
yields  the  same  result  as  the  Brune  procedure,  where  each  step 
using  the  impedance  operator  has  its  counterpart  in  the  Brune 
cycle. 

To  sunmarize  the  results  of  Sections  3.2  through  3.4,  it  has 
been  showi  that  the  network  sections  of  Figs.  (3-la)  through  (5-le) 
may  always  be  removed  from  a  prf  driving  point  impedance  and  that 
the  gyrators  appearing  in  Figs.  (3-la)  through  ( 3  —Id )  may  always 
be  eliminated  to  yield  the  reactive  section  of  Fig.  (3-le).  The 
first  four  sections  contain  a  pair  of  real  axis  even  part  zeros 
whereas  the  section  of  Fig.  (3-le)  contains  either  a  pair  of  real 
axis  or  a  pair  of  imaginary  axis  even  part  zeros.  In  each  of  the 

*  7 

The  cascade  synthesis  procedure  of  Guillemin,  which  was  summarized 
in  Section  1.9,  yields  the  same  result  whan 'applied  to  the  Brune 
procedure  as  does  the  impedance  operator  approach  above.  In  this 
case,  T(s)  in  eq.  (1-54)  denotes  imaginary,  rather  than  complex, 
zeros. 
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five  sections,  one  arbitrary  constant  is  available  for  choice.  The 

selection  of  this  constant  is  now  considered. 

Assume  the  driving  point  impedance  to  be  synthesized  is  not 

a  minimum  resistance  function.  Several  synthesis  paths  may  be 

followed.  First,  if  Ev  Z  contains  real  axis  zeros,  the  method  of 

4 

zero  cancellation  synthesis  can  be  used  in  which  a  is  chosen  to 
reduce  the  rank  of  g^  of  gg.  This  choice  permits  a  realization  in 
terms  of  any  of  the  network  sections  of  Figs.  (3-la)  through  (3-le) 
(excepting  the  case  b  ■  -  a,  Ev  Z&  ■  0).  Secondly,  the  minimum 
resistance  may  be  removed  at  the  outset,  after  which  the  remaining 
impedance  is  synthesized  by  the  zero  cancellation  method  using  the 
rank  4  V  operator  with  b  ■  -  a,  Ev  Z^  “0.  This  yields  the  Brune 
network.  Third,  assuming  again  that  the  minimum  resistance  has 
been  removed  from  Z,  a  may  be  chosen  to  create  a  j®  axis  zero  or 
pole  in  g^  or  gg.  This  method  is  essentially  the  Bo tt -Duff in  pro¬ 
cedure,  but  in  this  case  is  designed  to  yield  a  cascade,  rather 

9 

than  a  distributed,  result. 

3.5  Extended  Bo tt -Puffin  Cascade  Synthesis  Procedure 

3  6 

First,  the  conventional  Bott-Duffin  procedure  *  is  reviewed 
and  the  points  essential  to  its  extension  are  discussed.  Let  Z 
as  given  by  eq.  (3-l)  be  a  minimum  resistance  function.  Then  the 
even  part  of  Z  has  a  Jce  axis  zero  at  s  *  j®Q  and  Z  appears  either 
inductive  or  capacitive  at  that  point 

h  at  s  ’  >o 


Z  *  sL  or 


(3-22) 


Solving  eq.  (3-1)  for  ^  gives 


\ 
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a  Z  -  sZa 
a  -  ^  Z 


(3-23) 


The  zeros  of  the  even  parts  of  and  Z  are  identical  from  eq.  (2-l?f 
Therefore  Ev  ^  ■  0  at  s  ■ 

Let  a  be  chosen  so  that  has  a  ja  axis  zero  or  pole  at  s  * 
This  requires  that 


a  Z  -  sZ&  ■  0  for  a  zero  at  s  ■ 

a  Z  -  sZ  *  0  for  a  pole  at  s  ■ 

a  o 


(3-24) 


The  first  form  of  eq.  (3-24)  is  applicable  when  Z  appears 

inductive  at  s  ■  jeo  .  Assume  this  to  be  the  case.  Then 
o 


L  at  s 


*°o 


(3-25) 


It  follows  that 

Z  -  aL  -  0  (3-26) 

Eq.  (3-26)  has  one  positive  real  root  since  the  function  Z  -  aL 
has  one  positive  real  zero.^ 

in  eq.  (3-25)  is  the  same  rank  as  Z  since  there  is  a 
common  factor  s  -  a  in  the  numerator  and  denominator  of  the  right 

Ev  Z^  /  0.  Therefore  num  Ev  7^  does  not  appear  in  num  Ev  Z 
(see  discussion  following  eq.  (2-22)). 
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hand  side.  Creating  a  J<so  axis  zero  in  insures  that  the  impedance 
remaining  after  the  removal  of  this  resonant  circuit  is  four  less  in 
rank  than  £^(and  therefore  Z). 

Customarily*  the  distributed  Bott-Duffin  network  is  obtained 
from  the  foregoing  procedure,  but  it  is  also  possible  to  obtain 

g 

the  cascade  representations  of  Figs.  (3-2)  and  (3-3). 

With  these  concepts  in  mind,  the  Bott-Duffin  procedure  can  be 
extended.  Let  be  given  by  eq.  (3-10)  and  Z  by  eq.  (3-12).  Solv¬ 
ing  eq.  (3-10)  for  gives 


^2 


(3-27) 


choosing  b  equal  to  ♦  a  so  that  the  pertinent  V  operator  in  eq. 
(3-13)  may  be  synthesized  without  a  gyrator  causes  eq.  (3-27)  to 
take  the  form 


»C-i  “  SC 


^2  * 


la 


_8 
^la 


* 


(3-28) 


The  even  part  of  is  zero  at  s  ■  j»Q.  Therefore, 


Cl  "  sLl  or  at  8  "  >0 

and  all  of  the  previous  arguments  apply  with  Z  replaced  by 
by  L  by  and  C  by  C^  The  even  part  of  C2  is  zero  at  s  *  Jo#Q 

*This  is  shown  in  Fig.  (5-9). 
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and  a  is  chosen  to  create  a  zero  or  pole  in  Cg  at  that  point. 


a£.  -  sG-,  *0  for  a  zero  at  s  *  jta 

X  io  v 


(3-29) 

*Cla  ~  8C1  m°  *0T  »  P°le  »t  s  «  >Q 
Again  considering  the  inductive  case, 

’  T  “  L1  4t  8  "  >0  (»-») 

Cla  ’  •h  "  0  (3'31) 


Eq.  (3-31)  has  one  positive  real  root.  and  Z  are  of  the 

same  rank  and,  when  the  resonant  circuit  is  removed,  the  remain¬ 
ing  termination  is  four  less  in  rank  than  Z.  The  network  is  that 
of  Fig.  (3-7),  where  contains  a  removable  resonant  circuit. 

3.6  Bank  2  Operator  Examples 

The  syntheses  which  result  for  the  various  choices  of  a  are 
illustrated  by  considering  the  following  driving  point  Impedance 
functions 

2  2 
Z  ■  8 a  —  8  ' -  where  num  Ev  Z  ■  (s2  ♦  2) 

*  s  ♦  4 


Solution  A 


Since  Z  is  a  minimum  resistance  function,  the  Bott-Duffin 


-81- 


procedure  may  be  used  with  the  rank  2  V  operator  to  synthesize  Z. 
Z  behaves  like  g  at  s  *  j  \/Z  and  a  is  chosen  so  that  has  a  j© 
axis  zero  (aZ  -  sZ^  “  0)  at  that  point.  The  resulting  a  is  posi¬ 
tive  real  and  therefore  is  prf.  The  calculations  yield 


a  -  li  Za  -  1/2, 

1  +  I 

vi  *  mz  » num 


Ci 


♦  2 

+  6s  +  8 


Ev^-  1  -  s2 


The  cascade  syntheses  of  V-^  and  give  networks  corresponding  to 
Figs.  (3-2)  and  (3-3).  The  results  appear  in  Figs.  (3-9)  and 
(3-10). 


Solution  B 

The  extended  Bo tt -Duff in  procedure  may  be  used  with  the  Bank 
4  7  operator  to  synthesize  Z.  a  is  chosen  so  that  Cg  has  a  Jo#  axis 
zero  at  s  •  j  The  a  obtained  is  again  positive  real  and  b  ■  ♦  a. 
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Carrying  through  the  calculations  yields 


*S1  “  8Cla  “  0  at  8  "  1  ^ 


but 


^la  _sa-l  ,  rr 

T~  ?  T~n.  at  8  “  ^ 


Therefore 


Cl  Su  V*  - 1) 

t  '  ~ "  "sir  v  j) 


Expanding  and  collecting  terms  gives 


a6  -  a5  +  2a4  -  12a3  -  8a2  -  20a  -  16  -  0 


(a2  -  2a  -  2)(a2  ♦  a  ♦  4)(a2  ♦  2)  -  0 


The  positive  real  root  is  a  -  1  +  v/F.  Then 


„  _  3  *Jl  „  _  3  +  \/F 

Za  ~T~  >  Cla  “ir~ 


c  .  s2  ♦  2 _ 

2  4(s2  ♦  2)  ♦  4(5  -v/F)a 


2s2  ♦  b  ♦  4  ♦  2  /F 

V-“? - - - 

-g-  ♦  6  ^F  s  ♦  4  ♦  2  ^F 


■  (4  ♦  2*/F  -  s2) 


nun  Ev  V 
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The  syntheses  of  7  and  corresponding  to  Fig.  (3-?)  appear  in 
Fig.  (3-11). 


Solution  C 

The  method  of  zero -cancellation  synthesis  may  also  be  used 
to  synthesize  Z.  In  this  case,  a  -  j  yfii  makes  Ev  Zft  *0  and  thus 
6^  is  two  less  in  rank  than  Z.  The  results  are 


Z 


a 


Because  a  is  not  positive  real,  and  7^  are  not  prf .  Therefore 
no  syntheses  corresponding  to  Figs.  (3-2)  and  (5-3)  are  shoun. 
Hbwever,  a  synthesis  corresponding  to  Fig.  (3-8)  is  possible  if 
b  ■  -  j  \/£.  Choosing  this  value  for  b  makes  Ev  ■  Ev  *0 
which  makes  four  less  in  rank  than  Z.  Carrying  out  the  calcu¬ 
lations  gives 
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«lb 


'•Z 


1 

4 


V 


2s2  +  %  +  2 

"  T - 2 - 

+  2s+  2 


num  Ev  V 


2 

♦  2) 


The  synthesis  of  Z  is  given  in  Fig.  (3-12)  and  is  identical  with 
that  which  results  if  the  Brune  synthesis  procedure  is  used  to 
synthesize  Z. 


Fig.  (3-12)  Gyrator  Elimination,  b  -  -  a,  EvZ^O 


There  is  no  loss  in  generality  from  having  considered  a  rank 
4  minimum  resistance  impedance  in  this  example.  For  the  case  of  a 
non-minimum  resistance  rank  4  impedance,  the  minimum  resistance  may 
be  extracted  from  Z  initially.  For  impedances  of  higher  rank,  the 
procedures  are  the  same  but  and  Cg  are  correspondingly  higher 


in  rank 
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3.7  Hank  4  Operator  n-Type  Realization 

The  procedures  developed  in  Sections  3.2  through  3.6  do  not 
consider  the  realization  of  complex  even  part  zeros.  The  synthesis 
of  the  rank  4  operator  in  eq.  (3-13),  in  which  a  and  b  are  generally 
complex  conjugates  with  a  non-negative  real  part,  fulfills  this  need. 
The  two  Darlington  procedures  are  applied  to  eq.  (3-13)  resulting  in 
additional  network  sections  which  may  always  be  removed  from  Z. 

These  appear  in  Fig.  (3-lf)  through  (3-li). 

The  n-type  Darlington  synthesis  of  eq.  (3-13)  is  obtained  by 
putting  eq.  (3-14)  in  the  form 

2  2 

num  Ev  V  -  (s2  ♦  ab)  -  s2(a  +  b)  (3-32) 


and  employing  eq.  (2-8).  The  results  are 


12 

21 


(s*  ♦  ab)  .  a  ♦  b 
Di —  -  T~ 


'11 


-4 


♦  ab 


,  V, 


22 


8  TT 

- nr 


ab 


(3-33) 


The  removed  section  appears  in  Fig.  (3-lf)  and  the  complete  network 
in  Fig.  (3-13).  The  t»»  constants  a  and  b  are  still  completely 
arbitrary. 


It  is  often  possible  to  simplify  the  network  of  Fig.  (3-13) 
by  replacing  the  transformer  by  an  inductor.  This  requires  that 
in  eq.  (3-33)  which  is  equivalent  to  requiring  that  the 
operators  and  V2  be  commutative .  This  condition  is  investi¬ 
gated  in  Appendix  III. 


3.8  Bank  4  Operator  m-Type  Realization 

The  m-type  Darlington  synthesis  of  eq.  (3-13)  may  be  obtained 
directly  using  the  negative  of  eq.  (3-32)  in  conjunction  with  eq. 
(2-3).  However  it  is  possible  to  eliminate  an  element  if  the  ter¬ 
minating  impedance  is  first  scaled.  Let  Z  in  eq.  (3-2)  be  rewritten 
as 


Z  - 


*  *b)  ;t  *  !Cbz»  *  ‘O 

'a  ^a  k 


z 

8  IT 


(5-54) 
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where  k  is  an  arbitrary  positive  real  constant  and  the  termination 

C2 

is  now  -s  .  The  associated  V  operator  is 
v-* 

Z. 


V  - 


sV  ^  ♦  s(bZa  +  aClb)  +  k* 


nb 


c 

S  * r—  '♦  Sk 


2  '■lb  .  _,.^b  .  a  ^  +  ab 


+  JL 
VZ.  Cii 


a  Clb  ^ 


(3-35) 


and 


2  2 

num  Ev  V  -  k2(s2  ♦  ab)  -  k2s2(  a  ♦  b)  (3-36) 


The  m-type  Z  parameters  for  eq.  (3-35)  are 

„  feCbZ***V8 


11  2  .  Z, 
s  ♦  ab  — ■ - 


lb 


2  *a  rb  .  a 


*lb 


**  ~  1  \ 
s  ♦  ab 


<**£> 


lb 


(3-37) 


z  z 

k  (a  ♦  b)s  +  k  r—  (s2  +  ab) 
.  »lb _  ^lb _ 


12  2  Za 

21  a  ♦  »b  JL 

*3b 


The  V12  expression  in  eq.  (3-37)  may  be  rewritten  in  two  ways. 

21  Z  £ 

k  jr-  (a  +  b)s  ♦  k  s \-r - 1  J 

-  -  tlb  ~  ,  Clb  -*k 


12 

21 


2  .  ,  a 

s  ♦  ab  j — 

Clb 


(3-38) 
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The  similarity  of  eqs.  (3-37),  (3-38)  and  (3-39)  with  eqs. 

(1-34)  and  (1-36)  should  be  noted.  By  direct  substitution  of  eqs. 

(3-37)  and  (3-38)  or  (3-39),  the  extended  residue  condition  of 

either  eq.  (1-25)  or  (1-27)  may  be  shown  to  hold  with  the  equal  sign. 

Therefore  Z  in  eq.  (3-34)  may  be  realized  by  networks  having  the 

2 

form  of  Figs.  (1-2)  and  (1-3)  except  that  the  termination  is  k Vtg 
instead  of  one  ohm  and  an  extra  gyrator  is  required  to  take  care  of 
the  last  term  in  eqs.  (3-38)  and  (3-39)  ^see  Fig.  1-7^. 

Eqs.  (3-37)  and  (3-38)  are  identified  with  eq.  (l-34)  to  yield 


(3-40) 


Similarly,  eqs.  (3-37)  and  (3-39)  may  be  identified  with  eq.  (1-36) 
to  yield 
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C3-41) 


Each  of  the  transformers  represented  by  eqs.  (3-40)  and  (3-41) 
has  a  T  equivalent.  For  the  inductive  transformer  of  eq.  (5-40)  the 
T  equivalent  values  are 


h  “  hi  -  M 

Lg  -  Lgg  -  M  (3-42) 

l3  -H 

while  for  the  capacitive  transformer  of  eq.  (3-41),  they  are 


i  i 


m 


VS 


(5-43) 
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It  is  now  shown  that  the  scaling  constant  k  may  always  be 

chosen  to  make  either  or  Lg  aero  in  eq.  (3-42)  or  jr-  or  ^r-  zero 

1  2 

in  eq.  (3-43)  while  insuring  that  the  remaining  transformer  elements 
are  positive.  Consider  the  inductive  transformer  case  first.  To 
make  L.  ■  0  requires  that 


k 


bZ.  *  *Clb 
a  +  b 


(3-44) 


The  quantities  bZ^  ♦  ag^  and  a  ♦  b  are  positive  real.  Hence  a 
positive  real  k  can  always  be  found  to  satisfy  eq.  (3-44).  The 
extended  residue  condition  holds  for  all  positive  real  k. 

L22  -  M2  >  0  for  all  ♦  k  (3-45) 

With  -  0,  eq.  (3-45)  becomes 

M(Lg  -  M)  >  0  (3-46) 

Since  M  is  always  positive  from  eq.  (3-40),  Lg  must  be  positive. 

Similarly  k  may  be  chosen  to  make  Lg  zero  in  which  case  L^  is 
always  positive.  The  required  value  of  k  is 


A  completely 
formers  yields  eq. 
l/Cg  zero. 


,  a  ♦  b 

k  Z73Z 

z.  <ib 

parallel  development  for  the 
(3-44)  to  make  l/c^  zero  and 


(3-47) 

capacitive  trans- 
eq.  (3-47)  to  make 
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The  syntheses  of  Z  with  k  satisfying  eq.  (3-44)  appear  in  Figs. 
(3-14)  and  (3-15).  The  constants  a  and  b  in  these  networks 


Fig.  (3-14)  m-Type  Rank  4  Inductive 


Fig.  (3-15)  m-Type  Rank  4  Capacitive 


are  still  completely  arbitrary 


The  network  sections  in  Figs.  (5-14) 
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and  (3-15)  may  always  be  removed  from  Z  and  thus  appear  in  Figs. 
(3-lg)  and  (3-lh).  Note  that  only  four  elements  are  present  in 
each  of  these  removed  sections,  whereas  five  elements  are  necessary 
in  the  n-type  section  of  Fig.  (3-lf). 

A  further  simplification  may  often  be  made  in  the  m-type 

synthesis  of  V  in  eq.  (3-13).  Consider  the  V.^g  expression  in  eq. 

,  ,  21 

(3-37).  If  £jb  =  Z the  entire  non-reciprocal  term  reduces  to  a 

non-lcaded  gyrator.  This  is  discussed  in  Appendix  III. 


3.9  Eliminating  the  Gyrator  from  a  Rank  4  Operator 

Following  the  pattern  of  Section  3.4,  a  means  of  eliminating 
the  gyrators  in  Figs.  (3-13),  (3-14)  and  (3-15)  is  now  derived. 

The  result  is  the  networic  section  of  Fig.  (3-li),  a  purely  reactive 
section  with  two  arbitrary  constants.  The  gyrator  elimination  is 
accomplished  through  the  following  transformations. 


Let 


<2 


cg5 
c  ♦ 


(3-48) 


dC a  + 


3d 


d 

fc5d 


(3-49) 


Substituting  eq.  (3-49)  into  eq.  (3-48)  gives 


(Cd  *  ,2  *  a(J^c  *  <*M> 


(3-50) 
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!  1  ' 


t 


I 


I 


Eq.  (3-50)  should  be  compared  with  eq.  (3-12).  £4  is  prf  if  is 

prf  (and  thus  Z  prf)  and  if  c  and  d  are  either  positive  real  con¬ 
stants  or  complex  conjugates  with  a  non-negative  real  part. 

It  is  now  necessary  to  substitute  eq.  (3-50)  into  eq.  (3-12) 
in  order  to  express  Z  in  terms  of  a  new  V  operator  (of  rank  8) 
operating  on  C4«  The  new  V  has  four  arbitrary  constants.  Proper 
choice  of  two  of  these  permits  a  synthesis  of  the  new  V  without  a 
gyrator-  The  results  of  the  substitution  are 


(Aq  +  AgS2  +  A4s4)C4  +  ♦  AjS2) 

(Bc  ♦  B2s2  ♦  B4s4)  ♦  s(B1  ♦  B5s2)C4 


(3-51) 


where 


A  ■  abed  *  B 
o  o 


Ax  -  ab(dC2c  +  +  cd(bZa  ♦  aclb) 

Bi  *  lKr~  *  *  cdCr +  r~) 

1  VC2c  »3d„  a  C!lby 


C2c 

5*  -clb  '& 

Ctv  -  ■>.  (3-52) 

Bz  '  ‘b  +  cd  \  *  Cj^dCac 

A3  “  ^d^2c  +  cC3dJ  +  cj-  ^bZ*  *  *C3b^ 

«  .  Clb  (  d  c  >,  C2c  (\>  .  a  N 

.  _  Vfcc  _  1 
4  *1 


The  associated  V  operator  is 
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A  ♦  A1s  ♦  A„s2  +  A_s^  ♦  A. s4 

0  1  id  3  4 

- 5 - - 7 - — T 

B  +  B.s  +  B.s  +  B.s  +  B.s 

Ox  c  5  4 


(3-55) 


Its  even  part  numerator  may  be  easily  formulated  using  eq. 
(2-15). 


■c  T7  /  2  2wv2  2 \  r  2  2\a .2  2\ 

num  Ev  V  *  (a  -  a)(b  -s)(c  -s)(d  -s) 

(3-54) 

_  r  2.  2  ,2  4  .  2,  2  A  41T  2 ,2  ,  2  .  ,2v  2  A  41 
-  [a^b  -  (a  ♦  b  )s  4  s  J[c  d  -  (c  4  d  )s  4  8  J 

To  synthesize  V  without  a  gyrator,  it  is  necessary  that  eq. 
(3-54)  be  a  perfect  square.  This  requirement  is  satisfied  if 

c  *  ♦  a,  d  *  ♦  b  (3-55) 

which  causes  eq.  (3-54)  to  become 

num  Ev  V  -  [aV  -  (a2  ♦  b2)s2  ♦  s4J2  (3-56) 

V  in  eq.  (3-53)  may  now  be  synthesized  by  the  n-type  Darlington 
procedure  to  yield  the  section  of  Fig.  (3-li)  and  the  network  of 
Fig.  (3-16). 


The  minus  signs  are  applicable  only  if  a  and  b  are  pure  imaginarles 
since  c  and  d  may  not  have  negative  real  parts.  If  a  and  b  are 
imaginary,  then  b  ■  -  a  and  the  conditions  of  eqs.  (3-18)  through 
(3-21)  apply.  Thus  either  the  synthesis  is  trivial  or  the  gyrator 
has  already  been  removed.  Therefore  only  the  plus  signs  in  eq. 
(3-55)  are  of  importance. 
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The  components  of  V  are  obtained  from 


4  -  *  -2  +  a^2 


A^s  ♦  A^s 


'11 


BS<-^ 


22 


B4s4  ♦  BgS2  ♦  aV 

i: 


r  2  .  i\ 
5  \  B  J 


(3-57) 


.  »4  -  (»2 ;  b2)  ■>  aV 

12  21  V 

b5<”  *  r) 

Performing  partial  fraction  expansions#  eq.  (3-57)  becomes 

A  2  aV  A4B1> 

V  vj; ' 


V  +  V  +  ^5  \  ~  b!  - 


:> 


11  Bl8  Bj 


2  B1 

8  ♦  w~ 

B5 


(3-58) 
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A2  B4s  -  aB; 

v22  "  ST"  +  BT  - 


V  B4Br 


~B^ 


t> 


V12  “V21  "  I^T  +  + 


(  a?'+b2  a 

^"5T"  Bi 


V  B. 


-3) 

®5 


(3-58) 


2  B1 

8  +  8^ 
B3 


The  first  terns  yield  a  capacitor.  The  second  terns  give  an  ideal 
subtractive  transformer.  The  third  terms  yield  a  capacitive -loaded 
ideal  additive  transformer.  This  last  statement  may  be  verified  by 
considering  the  network  in  Big.  (3-1?)  and  its  Z  parameters  in  eq. 


(3-59). 


Fig.  (3-17)  Capacitive  Loaded 

Transformer  Network 


z  .T&n 
11  F77 
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J22  2.2 

s  ♦  <a 

o 

seoM 
0 

X~T 

s  ♦  co 


(3-59) 


»o  •  .  i22  ♦  so 


Matching  terms  between  eq.  (3-59)  and  the  last  terms  in  eq. 


(3-58)  gives 
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2b3 


"11 


B2 

■*-*o  n  -n 


B2 

B1 

aVB, 


B. 


B, 


B, 


b: 
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a2+b2 
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(3-eo) 
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11 


+  L 


22 


+  2M) 


The  network  sections  of  Figs.  C 3—13 )  through  (3-16)  each  have 

a  quadruplet  of  even  part  zeros.  The  section  of  Fig.  (5-16)  is 

identical  in  form  to  the  Darlington  D  section  but  again  there  are 

two  differences.  First,  realization  of  the  D  section  requires  that 

4  2  2 

num  EvZ  have  a  term  (s  ♦  As  ♦  b)  ,  which  often  necessitates  the 
use  of  surplus  factors.  These  surplus  factors  are  effectively  built 
into  the  impedance  operator.  Secondly,  the  section  of  Fig.  (3-16) 
contains  two  arbitrary  constants  also  contained  in  If  these 

constants  are  chosen  so  that  Ev  Z&  ■  Ev  Z^  ■  0,  then,  if  these  com¬ 
plex  zeros  of  Ev  Z  are  of  second  order,  £4  is  four  less  in  rank 
than  Z . 


3. ID  A  General  Cascade  Reciprocal  Synthesis  Procedure* 


* 

The  specific  procedure  is  new  but  the  philosophy  behind  it  is  that 
of  Guillemin  as  discussed  in  Section  1.9. 
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The  combination  of  the  principle  of  zero  cancellation  synthesis 
with  the  syntheses  developed  in  Sections  (3-4)  and  (3-9)  results  in 
a  general  cascade  reciprocal  synthesis  procedure  applicable  to  any 
prf  driving  point  impedance.  The  overall  procedure  has  been  out¬ 
lined  in  Section  1.9.  The  network  sections  of  Figs.  (3—7),  (3-8) 
and  (3-16)  are  used  to  realize  real,  imaginary  and  complex  zeros, 
respectively,  of  num  Ev  Z.  In  each  case  the  arbitrary  constants  are 
chosen  to  make  Ev  Z&  ■  Ev  ■  0  in  order  to  reduce  the  rank  of  the 

terminating  impedance.  The  procedure  is  illustrated  by  the  follow¬ 
ing  examples. 


5.11  Hank  4  Operator  Examples 

The  principles  developed  in  Sections  3.7  through  3.10  are 
illustrated  by  considering  the  following  driving  point  impedance 
function . 


3  14  2  „  .  . 

8  ♦  s  ♦  2s  +  4 


Z  - 


s3  ♦  4s2  ♦  ^  s  ♦  2 


where 


num  Ev  Z  ■  (2  -  s^)(s^  ♦  2s  ♦  2)(s^  -  2s  ♦  2) 


Solution  A 

Zero  cancellation  synthesis  may  be  used  in  conjunction  with 
the  rank  4Voperatorto  synthesize  Z.  a  and  b  are  chosen  to  make 
Ev  Z&  ■  Ev  Z^  ■  0  and  thus  Cg  i*  reduced  in  rank  by  four.  The  cal¬ 
culations  yield 
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a  -  1  -  j  ,  b  -  1  ♦  j 


-  _  8  -  Zi  „  _  8  ♦  2.1 

Za  Yt  >  h  ~T7 


Then#  from  eq.  (3-1), 


Clb 


~  Z 
b  a 


From  eqs.  (3-13)  and  (3-32), 


I  ♦  I « ♦ 2 

rT”  7 

5  s  +  38  +  2 


num  Ev  V  •  (s2  ♦  2)  -  4s2 


and  using  eq.  (3-12),  , 

f  s  ♦  2  2 

•  g - ,  nun;  Ev  C2  »  2  -  s 

F  8  *  1 

The  n-type  synthesis  of  V  is  obtained  by  means  of  eq.  (3-33).  The 
netwrk  appears  in  Fig.  (3-18).  Note  that  the  removed  section 
realizes  the  quadruplet  of  even  part  complex  zeros  and  that  V^2 
contains  the  left-half  plane  pair  and  V21  the  right -half  plane  pair. 
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Fig.  (3-18)  n-Type  Rank  4 


To  obtain  the  m-type  networks  of  Figs.  (3-14)  and  (3-15),  k 
must  be  chosen  to  satisf3^  eq.  (3-44).  The  required  value  is 


k  >  — 

K  5 


Then,  from  eqs.  (3-35)  and  (3-36), 


4  ♦  4  .  ♦  8 

15s  *  5  8  *25 

3  2  .68  9 

Z  8  *  758  +  2 


num  Ev  7  ■  ^  (s^  +  2)  -  s^ 


and  the  termination  is 


±  (. 
25  V 


5 

3S 


♦  1 


¥ 


+  2 


) 


V  may  now  be  synthesized  using  eqs.  (3-40)  and  (5-42)  or  eqs.  (3-41) 
and  (3-43).  The  networks  appear  in  Figs.  (3-19)  and  (3-20),  respec¬ 
tively.  Once  again  the  removed  section  realizes  the  quadruplet  of 


Fig.  (3-20)  m-Type  Rank  4  Capacitive 
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Solutlon  B 

Zero  cancellation  synthesis  may  also  be  used  in  conjunction 
with  the  Hank  8  V  operator  to  synthesize  Z.  a  and  b  are  chosen  as 
before  to  make  the  termination  four  less  in  rank  than  Z,  and  c 
and  d  are  chosen  equal  to  a  and  b s respectively >  to  synthesize  with¬ 
out  a  gyrator.  The  results  are 


^2a 


357  +  .1123 
"  44  b  ' 


^2b 


357  -  .1123 
- 445 


C3d  80 


Then,  from  eqs.  (3-52),  (3-53)  and  (3-54) 
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13  4  242  3 
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139  2 

*zTB 


+  4 


16  4 
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812  2 

35"8 


s+4 


num  Ev  V 


2 


♦  4) 


and  from  eq.  (3-50) 


16 

If 

IS¬ 

IS 


8+2 


8  ♦  1 


man  Ev  ■  2 


8 


2 


The  components  of  Fig.  (3-16)  may  be  computed  from  eqs.  (3-58) 
and  (3-60). 
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v22  5ST7  +  W  +  T7T(5 1" 
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v  ■  v  -  ~  4-  —§£_  - 

12  V21  361s  i  ~  361 

s  ♦  -ar 


The  network  appears  in  Fig.  (3-21).  Note  that  the  removed  section 
is  reactive  and  reciprocal  and  that  the  termination  is  four  less 
in  rank  than  Z,  as  anticipated.  Once  again  the  quadruplet  of  even 
part  zeros  is  realized  by  the  removed  section  but  in  this  case 

so  that  V^,,  contains  the  entire  quadruplet  instead  of  .-lust  the 


Fig.  (3-21)  Gyrator  Elimination,  c  *  a  and  d  *  b 
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CASCADE  SYNTHESIS  USING  AN  IMPEDANCE  OPERATOR  OF  RANK  6 

4.1  Introduction 

In  this  chapter,  the  impedance  operator  of  rank  6  is  discussed. 
Four  additional  network  sections  are  derived  (Fig.  4-1)  which  may 
always  be  removed  from  an  RLC  driving  point  impedance  function.  Each 
section  contains  three  constants  also  contained  in  the  terminating 
impedance.  In  Figs.  (4-la)  and  (4-lb),  one  constant  must  be  posi¬ 
tive  real  while  the  others  may  be  complex  conjugates  with  non-negative 
real  parts.  In  Figs.  (4-lc)  and  (4-ld),  all  three  constants  must,  in 
general,  be  positive' real  with  two  of  them  equal.  As  in  the  pre¬ 
vious  chapter,  the  constants  may  be  chosen  to  produce  desired  char¬ 
acteristics  in  either  the  removed  sections  or  the  terminating  impe¬ 
dance  . 


(a)  (b) 


(continued  on  next  page) 
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Fig.  (4-1)  Additional  Sections  which  may  Always  be  Removed  from  Z 


4.2  Rank  6  Operator  Formulation 

Let  Z,  C-  and  be  represented  by  eqs.  (2-lf),  (2-19)  and 
(3-49),  respectively.  These  equations  are  repeated  below. 


Z 


Cl 


aCj  +  sZa 
a  +f  Ci 

a 

*c2  ♦  sclb 


(4-1) 


(4-2) 


C2 


♦  8 


C2c 


(4-3) 


By  combining  these  equations. 


Z  may  be  expressed  in  terms  of 


-106- 


.  ft,  *  *  c/> 

CDo  .  d/)  ♦  »(Dl  ~  d/)c. 


(4-4) 


where 


C  ■  abc  ■  D 
o  o 


C1  "  abC&  +  bcV  caC]b 
Di  *  f  - ♦  r ♦  f" 

1  *2c  Za  C3b 

C]b  .  .  Za  Za 

rtbr  cr 

&2c  &2c  nb 

ZaC2c  .  1 


C«  -  a 
2  '•2c 


z7  T  w  -2“ 

a  a 


'S  C 


'lb 


(4-5) 


The  associated  V  operator  is 


C  ♦  C.  s  ♦  C.s2  ♦  C.s5 
TT  _  o  1  2  5 

V  - - =-* - jr 

D  +  D,  s  ♦  D.s  ♦  D.s 


(4-6) 


Its  even  part  numerator,  from  eq.  (2-15),  is 


mm  Ev  V  ■  (a2  -  s2)(b2  -  s2)(c2  -  s2) 


£(a  ♦  b  ♦  c)s2  ♦  abcj  -  s^s2  ♦  ab  ♦  be  ♦  caj 


(4-7) 
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In  each  of  the  equations  (4-1),  (4-2)  and  (4-3),  the  impedance 
on  the  right  (^,  Cg  or  C3)  is  Pr^  the  impedance  on  the  left 

(Z,  or  Cg)  Pr;f  and  if  &>  b  and  c  are  real.  Also  is  prf  if 
a  and  b  are  complex  conjugates  with  a  non-negative  real  part  and 
Z  is  p  rf.  It  follows  that  £„  is  prf  if  c  is  positive  real. 
Similarly,  if  a  is  positive  real,  is  prf.  Then,  if  b  and  c  are 
complex  conjugates  with  a  non-negative  real  part,  C3  ie  prf. 

Theorem  K 

In  eq.  (4-4),  and  V  are  prf  if  b  is  positive  real  and  a 
and  c  are  complex  conjugates  with  a  non-negative  real  part. 

To  verify  Theorem  K,  it  is  sufficient  to  show  that  the  coef¬ 
ficients  of  the  V  operator  in  eq.  (4-6)  are  unchanged  by  a  permu- 

* 

tation  of  the  three  constants  a,  b  and  c.  Then,  letting  a  — >  b, 
b  — •>  c  and  c  — >  a  does  not  change  V  and  thus  does  not  change 
For  example,  a  ■  1,  b  ■  1  ♦  j  and  c  *  1  -  j  is  a  permissable  set 
of  constants  to  insure  that  V  and  are  prf  if  Z  is  prf.  It 
follows  that  a_l-j,  b*l  and  c  ■  1  ♦  j  is  also  a  permissable 
set. 


4.3  Rank  6  Operator  Synthesis 

The  general  n  -  and  m-type  Darlington  syntheses  of  eq.  (4-6) 
are  now  derived.  The  procedure  is  much  the  same  as  that  used  in 


* 

The  invariance  of  V  under  a  permutation  of  the  three  constants  is 
proved  in  Appendix  17. 
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connection  with  the  general  rank  6  impedance  in  Section  1.7  except 
that  the  termination  ia  no  longer  one  ohm. 

For  the  n-type  synthesis, 


2 

C2s  +  abc 
s(D3s2  ♦  Dx) 

DgS2  +  abc 
s(D3s2  +  D1) 


(4-8) 


- 2 - 

s(D3s  ♦  D1) 


The  equation  for  V^g  may  be  separated  in  two  ways  to  give: 


21 


As  explained  in  Section  1.7,  the  first  terms  in  V^,  Vgg  and 

V12  form  a  capacitor.  The  last  term  in  V^2  is  a  non -loaded  gyrator. 

21  21 
The  residues  of  the  last  term  in  and  Vgg  along  with  those  of 
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the  middle  terms  in  V^g  satisfy  the  extended  residue  conditions  of 
eqs.  (1-25)  and  (1-27 f  with  the  equal  sign,  indicating  the  use  of 
Figs.  (1-2)  and  (1-3).  The  complete  synthesis  of  Z,  using  the 
inductive  form  of  Fig.  (1-2)  and  eqs.  (1-34),  (4-8)  and  (4-9), 
appears  in  Fig.  (4-2)  where 


T  ah  +  hr;  +  ra 


Fig.  (4-2)  n-Type  Hank  6  Inductive 
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In  order  to  avoid  a  second  transformer  in  the  m-type  synthesis 

of  the  terminating  impedance  C3  nay  be  scaled.  Let  the  new  ter- 
2 

mination  be  CgA  >  where  k  is  an  arbitrary  positive  real  constant. 
Then  V  in  eq.  (4-6)  becomes 


c/  ♦  Cl6  ♦  c//  ♦  C,.S 

o  ?  ? 

D  ♦  D,k  s  +  D0s  +  DJtV 

0  1  <c  5 


(4-12) 


and  eq.  (4-7)  becomes 


num 


Then 


Ev  V  ■  k^|~ (a  ♦  b  +  c)s^  *  abcj^  "  k^s^s^  ♦  ab  ♦  be  ♦  caj 

(4-15) 

7il  "  T5T  * - r““aEc - 

8  V  - 

,2  abc  D»>v 

v22  "  -TT"  +  - - 2 -  (4-14) 

**  "2  2  abc 

8  ♦  *— 


12 

21 


ks(s^  ♦  ab  ♦  be  +  ca)  ♦  k  [(a+b+c)s2  +abc| 


DgS  ♦  abc 


Rearranging  the  V^g  egression  yields 
21 


v 

'l!  C  - 

21  * 


ab  ♦  be  ♦  ca  - 


e'N  _  .  ,/Ta  ♦  b  ♦  c  ,M 


82  ♦  ski 
D2 


♦  k 


(4-15) 
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r 

ab  +  be  ♦  ca  _ 3 

3  abc  Dg 


Fig,  (4-3)  m-Type  Rank  6  Inductive 
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The  syntheses  appearing  in  Figs.  (4-2)  and  (4-3)  are  perfectly 
general  and  the  constants  a,  b  and  c  are  still  arbitrary  in  both  the 
removed  network  section  and  the  termination  Each  of  the  sections 
of  Figs ;  (4-2)  and  (4-3)  can  always  be  removed  from  2  and  therefore 
they  are  included  as  the  first  two  sections  in  Fig.  (4-1).  Also, 
each  section  realizes  six  even  part  zeros,  two  of  which  are  real  and 
the  remaining  four  complex. 

For  imoedances  of  rank  6,  10,  14  . . . .,  the  even  part  numerator 
of  Z  always  contains  at  least  one  positive  real  root  in  addition  to 
its  pairs  of  complex  conjugate  roots.  Hence,  for  such  impedances, 
it  is  always  possible  to  choose  a,  b  and  c  such  that  Ev  ■  Ev  2^  * 
Ev  Z,  “0.  This  synthesis  procedure  reduces  the  rank  of  Q,  by  six. 
For  impedances  of  rank  4,  8,  12  ....,  there  is  no  guarantee  of  a 
positive  real  even  part  zero  and  thus  the  reduction  in  rank  of  C3  by 
six  is  not  always  possible.  In  these  latter  cases,  the  rank  4  V 
operator  discussed  in  Chapter  III  may  be  employed  and  a  reduction 
in  rank  by  four  obtained. 

The  arbitrary  constants  may  also  be  utilized  to  simplify  the 
networks  of  Figs.  (4-2)  and  (4-3).  This  choice  of  the  arbitrary 
constants  is  now  investigated. 

4.4  Eliminating  a  Qyrator  from  Figures  (4-2)  and  (4-3) 

In  the  discussion  of  the  m-type  Darlington  synthesis  of  the 
rank  4  7  operator,  the  terminating  impedance  was  scaled  to  eliminate 
an  element  from  the  removed  sections.  In  the  case  of  the  rank  6  7 
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operator,  scaling  has  already  been  employed  to  obtain  the  single 
capacitor  in  Fig.  (4-2)  and  the  single  inductor  in  Fig.  (4-3). 
Thus  further  simplification  of  these  networks  requires  a  proper 
choice  of  one  or  more  of  the  arbitrary  constants. 

A  considerable  simplification  results  if  the  non -re cipro cal 
portions  of  the  middle  terms  in  the  expressions  of  eqs.  (4-9), 
(4-10),  (4-15)  and  (4-16)  can  be  made  io  vanish.  To  obtain  this 
simplification  requires  that 


3]b 


.  —  ♦  2_ 

^2c  Za 


(4-18) 


in  eqs.  (4-9)  and  (4-10)  and  that 


D  ■  a  ♦  b  -r- 
4  clb  \ 


♦  c 


in  eqs.  (4-15)  and  (4-16).  Eq.  (4-18)  applies  to  the  n-type  and 
eq.  (4-19)  to  the  m-type  Darlington  synthesis.  Using  eqs.  (4-1) 
and  (4-2),  it  is  possible  to  express  eqs.  (4-18)  and  (4-19)  in 
terms  of  a,  b,  c,  Z&,  Z^  and  Zc.  The  result  for  eq.  (4-18)  is 


ab  +  be  ♦  ca 


(b2  -  c2)a3Za  ♦  (c2  -  a2)b5Zb  ♦  (a2-b2)c5Zc 
(b2  -  c2)aZa  +  (c2  -  a2)bZb  ♦  (a2-b2)cZc 

(4-20) 


The  scaling  factor  is  unity  for  the  n-type  synthesis. 
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whlch  reduces  to 

aZfl(b  -  c)  +  bZ^(c  -  a)  +  cZc(a  "  b)  ■  0  (4-21) 

while  the  result  for  eq.  (4-19)  is 

(b2  -  c2)bcZa  ♦  (c2  -  a2)caZb  ♦  (a2  -  b2)abZc 

(b^  -  c^)aZ  ♦  (c*  -  a2)bZ.  T  (7  -  b^)cZ 

&  D  C 

(4-22) 

which  reduces  to 

Za(b  -  c)  ♦  Zb(c  -  a)  ♦  Zc(a  -  b)  -  0  (4-23) 

If  any  two  of  the  arbitrary  constants  are  chosen  equal,  eqs.  (4-21) 
and  (4-23)  are  satisfied.  But  if,  for  example,  b  is  chosen  equal 
to  a,  then  a  and  b  must  be  positive  real  and  therefore  c  must  be 
positive  real,  if  V  and  are  to  be  prf .  Thus  the  arbitrariness 
of  the  constants  is  reduced. 

The  question  arises  as  to  whether  a  positive  real  c  can  be 

found  such  that  eqs.  (4-21)  and  (4-23)  are  satisfied  with  a  and  b 

remaining  arbitrary.  These  constraints  are  investigated  in  detail 

in  Appendix  V,  where  it  is  shown  that  it  is  often,  but  not  always, 

possible  to  choose  such  a  value  of  c. 

With  the  conditions  of  eqs.  (4-21)  and  (4-23)  satisfied,  the 

V12  expressions  in  eqs.  (4-9)  and  (4-10)  become 
21 
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z^a  +  b  ♦  C  abc^\ 

V  Da  BJV 


7  -  + 

12  D.s 

21 


2+Dl 
s  *; 


-  D, 


rT*  (4-24) 
3 


while  those  in  eqs.  (4-15)  and  (4-16)  become  (with  k  •  ■  ^-) 


. in 

*8  V 


ab  +  be  +  ca  - 


’12  D, 
21  * 


3  +  2 


abc\ 

dT> 


—  ♦  fp  (4-25) 
2  t  abc  u3 


8  +ijr 


The  n-  and  m-type  syntheses  appear  in  Figs.  (4-4)  and  (4-5),  respec- 
tively,  where  in  Fig.  (4-4), 


*11  "  (C2  ’  ab  be  ♦  ca) 

r  «  1  (n  abc  N 

"22  V  2  "  ab  ♦  be  ♦  c&J 

M  -  (a  ♦  b  ♦  c  -  kt  TFcS-'ca  ) 

5  -  (ab  ♦  be  +  ca)(L11  ♦  Lzz  ♦  2M) 


(4-26) 


and  in  Fig.  (4-5), 


^  c5 

*ll  "  abc  “  a  ♦  b  ♦  c 

-  C^°l  C5 

u22  abc  a  ♦  b  ♦ 


The  values  for  Lq,  Lggi  H  and  C  are  Justified  by  eq.  (3-60). 


(4-27) 
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i 


ab  +  be  +  ca 

M - jsi — 


ttt 


(4-27) 


h '  r^V=  -bi  *  **  * 


These  two  network  sections  can  always  be  removed  from  Z  through 
proper  choice  of  the  arbitrary  constants  and  thus  are  included  in 


Fig.  (4-1). 


Fig.  (4-5)  m-Type  Rank  6  Simplification 


i: 
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'  A  second  simplification  in  the  network  sections  of  Figs.  (4-2) 
and  (4-3)  results  if  the  arbitrary  constants  are  chosen  to  make  an 
element  vanish  in  the  T  equivalent  circuits  of  the  transformers  in 
these  sections.  The  components  of  the  T  equivalent  circuits  are 
given  by  eq.  (3-42).  To  make  Lg  vanish  in  Figs.  (4-2)  and  (4-3) 
requires  that  Lgg  -  M  *  0  for  each  case.  For  Fig.  (4-2), 

Lgg  -  M  *  0  means  that  Dg  =  a  +  b  +  c,  while  in  Fig.  (4-3)  the  require¬ 
ment  is  that  D^/D^  *  ab  +  be  +  ca.  But  these  are  eqs.  (4-19)  and 
(4-18),  respectively,  which  can  always  be  satisfied  by  choosing  two 
of  the  arbitrary  constants  equal.  With  Lg  “0,  is  positive  by 
an  argument  similar  to  that  presented  in  eqs.  (3-45)  and  (3-46). 

Thus,  when  eq.  (4-18)  is  satisfied,  the  n-type  synthesis  in  Fig. 

(4-2)  is  simplified  to  that  in  Fig.  (4-4)  and  Lg  vanishes  in  the 
m-type  synthesis  of  Fig.  (4-3).  Eq.  (4-19)  performs  a  similar 
double  function. 

To  make  L^  vanish  in  Figs.  ('4-2)  and  (4-3)  requires  that 
-  M  ■  0  for  each  case.  For  Fig.  (4-2),  this  requirement  is 
met  if 

Clh  z  z 

Co  ■  a  3 —  +  b  -S —  ♦  c  ~~  «  a  ♦  b  ♦  e  (4-28) 

s2c  62c  slb 

while  for  Fig.  (4-3),  it  is  necessary  that 

* 


♦  bcZ  ♦  ca £.,  ) 
a  *lb 


»  ab  ♦  be  ♦  ca 


(4-29) 
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It  may  be  shown  that  each  of  these  equations  is  also  satisfied  if 
any  two  of  the  arbitrary  constants  are  chosen  equal.  It  should 
also  be  noted  that  if  g-  in  eq.  (4-4)  is  synthesized  using  i  in  eq. 
(4-6),  eqs.  (4-28)  and  (4-29)  would  have  to  be  satisfied  to  obtain 
the  network  sections  of  Figs.  (4-4)  and  (4-5). 


4. 5  Rank  6  Operator  Example 

The  principles  developed  in  this  chapter  are  illustrated 
by  considering  the  following  driving  point  impedance  function 


where 


s3  +  ~  s2  +  2s  +  4 
s3  ♦  4s2  +  ~  s  +  2 


num  Ev  Z  *  (2  -  s2)(s2  +  2s  +  2)(s2  -  2s  +2) 


Zero  cancellation  synthesis  may  be  used  in  connection  with 
the  rank  6  V  operator  to  synthesise  Z.  Since  Z  is  of  rank  6,  a, 
b  and  c  may  be  chosen  so  that  Ev  Za  *  Ev  Z^  *  Ev  Z c  -  0,  which 
guarantees  that  will  be  six  less  in  rank  than  Z.  The  calcu¬ 
lations  yield 


a 

-  i  +  i 

7 

. 8  .v.1 

^a 

17 

Z 

Cj 

a 

Clb 

*  3  J  C2c 

b  -  1  -  j  c 


17 


*  t/£ 


2 


From  the  above  values* 


V  in  eq.  (4-6)  is 
2/£  +  2/£s+J  /£  s2  +  s3 

V  -  - — 

2  y^«T"  ♦  ^  S  ♦  4  82  +  —  8  3 

5  sfi 

and 

num  Ev  V  *  (2  -  s2)(s2  ♦  2s  +  2)(s2  -  2s  +2) 

-£(2  +y/2)s2  ♦  2  /?]  -  s^s2  ♦  2  +  2  /2J 


The  n-type  synthesis  of  V  follows  directly  from  eq.  (4-11) 
and  Fig.  (4-2).  The  result  appears  in  Fig.  (4-6). 


For  the  m-type  synthesis  of  V*  a  scaling  factor  of 
k  *  is  used.  Then  the  synthesis  follows  directly  from  eq, 

(4-17)  and  Fig.  (4-3).  The  result  appears  in  Fig.  (4-7). 


Fig.  (4-7)  m-Type  Hank  6  Inductive 

Note  that  the  lossless  sections  in  Figs.  (4-6)  and  (4-7) 
each  realize  two  real  and  four  complex  zeros  of  the  even  part  of  Z. 


CHAPTER  V 


CASCADED  AND  DISTRIBUTED  V  OPERATOR  SYNTHESES 

5.1  Introduction 

In  Chapter  IV  the  rank  6  V  operator  was  introduced  and  syntheses 
were  developed  which  treated  the  operator  in  its  entirety.  In  the  first 
part  of  this  chapter,  the  rank  6  V  operator  is  split  into  two  operators, 
of  rank  2  and  rank  4,  and  the  synthesis  procedures  of  Chapter  III  are 
applied  to  these  two  operators  in  cascade. 

In  Chapter  III  considerable  emphasis  was  given  to  eliminating  the 
gyrator  which  appears  in  the  synthesis  of  rank  2  and  rank  4  operators. 
In  each  case,  elimination  of  the  gyrator  resulted  in  the  inclusion  of  a 
perfect  transformer  in  the  V  operator  synthesis.  In  this  chapter,  the 
emphasis  is  changed  and  it  is  shown  that  any  prf  driving  point  impe¬ 
dance  may  be  realized  by  a  series  of  cascaded  network  sections  termina¬ 
ted  in  a  realizable  impedance  of  reduced  rank,  where  each  network  sec- ■ 
tion  is  reactive  and  contains  one  gyrator  but  no  transformer. 

In  the  second  part  of  this  chapter,  the  Darlington  split  even 
part  and  the  Miyata  synthesis  procedures  are  reviewed.  These  proce¬ 
dures  are  then  discussed  in  terms  of  the  V  operator  and  it  is  shown 
that  each  procedure  may  be  considered  as  the  synthesis  of  the  V  opera¬ 
tor  distributed  in  a  prescribed  way,  with  Foster-type  expansions  neces¬ 
sary  in  the  Darlington  split  even  part  procedure  and  Cauer-type  expan- 
cions  required  in  the  Miyata  procedure.  Lastly,  the  Bo tt -Duff in  net¬ 
work  is  shown  to  result  from  a  synthesis  of  thB  rank  2  distributed 
V  operator. 
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5.2  Synthesis  of  Impedance  Operators  in  Cascade 

Consider  the  three  impedance  operators  defined  by  eqs.  (4-1), 
(4-2)  arid  (4-3).  These  equations  are  repeated  below. 


a  +  sZ 

7 - £ 

1 


(5-1) 


b  ♦  sQ. 


lb 


2  b*  a 


C5-2) 


c  ♦  s  C 


2c 


3  c  ♦-#- 


*2c 


(5-3) 


Z  may  be  represented  in  terms  of  these  operators  as 


Z  “  V2V5  (5-4) 

It  is  desired  to  synthesize  Z  in  terms  of  a  rank  2  and  a  rank  4 

V  operator  terminated  in  Qy  Such  a  synthesis  may  be  accomplished 

in  two  ways  in  eq.  (5-4)  j  either  and  Vg  or  Vg  and  V^  may  be 

* 

combined  into  a  rank  4  V  operator.  The  combinations  are 


* 

The  combination  of  V^  and  V_  is  prohibited  since  neither  V,  and 
Vg  nor  Vg  and  are  commutative  in  general.  1 
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V  V 
vlv2 


2  K 

ab  +  s(bZ  ♦  a C1V)  ♦  a*  •*— 
a  lb  Clb 


ab 


*<(7-  +-r~)  'Sr*- 


(5-5) 


2  *lb 


V  V 
v2  3 


be  +  a(cC,.  ♦*>£«)  +  8  7 — 

ib  ~c  QZc 


be 


.  r  c  .  b\  ^  2^2c 

CoJ  8  c 


lb 


(5-6) 


Z  may  now  be  synthesized  using  either  eqs.  (5-1)  and  (5-6)  or  eqs. 
(5-3)  and  (5-5).  Using  the  former  two  equations  requires  that  a 
be  positive  real  while  b  and  c  may  be  complex  conjugates  with  non¬ 
negative  real  parts.  The  latter  two  equations  require  c  to  be  posi¬ 
tive  real  while  a  and  b  may  be  complex  conjugates  with  non-negative 
real  parts.  As  pointed  out  in  Section  4.3,  if  Z  is  of  rank  6,  ID, 

14  ....,  then  num  Ev  Z  contains  at  least  one  positive  real  root. 

For  such  impedances,  the  arbitrary  constants  may  be  chosen  so  that 
Cj  is  reduced  in  rank  by  six  while  still  insuring  that  both  V  opera¬ 
tors  are  prf.  For  impedances  of  rank  4,  8,  12  ....,  the  arbitrary 
constants  may  be  chosen  to  reduce  the  rank  of  Cj  by  four  with  both 
V  operators  prf. 

The  n-type  syntheses  of  the  rank  2  and  rank  4  V  operators  have 
been  developed  in  Sections  3.2  and  3.7,  respectively  and  will  be 
used  here.  The  synthesis  of  Z  using  eqs.  (5-3)  and  (5-5)  appears 
in  Fig.  (5-1)  while  that  for  eqs.  (5-1)  and  (5-6)  appears  in  Fig. 
(5-2).  In  Figs.  (5-1)  and  (5-2), 


Fig.  (5-2)  Cascade  Operator  Synthesis  Using  Eqs.  (5-1)  {  (5-6) 
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The  first  section  in  Fig.  (5-1)  realizes  a  quadruplet  of  com¬ 
plex  even  part  zeros  whereas  the  second  section  realizes  a  pair  of 
real  even  part  zeros.  These  realizations  are  reversed  in  Fig.  (5-2)  . 

5 . 3  A  General  Cascade  Synthesis  Procedure  not  Requiring  Transformers 

Theorem  L 

Any  prf  driving  point  impedance  function  may  be  realized  by 
a  series  of  cascaded  network  sections  terminated  in  a  realizable 
impedance  of  reduced  rank  without  the  use  of  transformers. 

The  networks  of  Figs.  (5-1)  and  (5-2)  each  contain  one  trans¬ 
former.  Consider  the  transformer  in  Fig.  (5-1).  It  becomes  an 
inductor  if  ,  ie  if  and  Vg  are  commutative.  This  con¬ 

straint  was  investigated  in  Appendix  III,  where  it  was  shown  that 
it  is  often,  but  not  always,  possible  to  choose  the  arbitrary  con¬ 
stants  such  that  the  condition  Z„  "Civ  i-8  satisfied. 

a  *lb 

Consider  next  the  transformer  in  Fig.  (5-2).  In  order  that 
it  reduce  to  an  inductor  it  is  necessary  that 

fee  ■  Ca,  (5-9) 

It  is  shown  in  the  following  development  that  it  is  always  possible 
to  choose  a  positive  real  value  of  a  such  that  eq.  (5-9)  is  satis¬ 
fied  with  b  and  c  remaining  arbitrary  complex  conjugates  with  non¬ 
negative  real  parts.  Thus,  by  sacrificing  one  of  the  constants,  a, 
it  is  possible  to  achieve  a  cascade  synthesis  without  transformers 
in  which  the  termination  (Cj)  is  four  less  in  rank  than  Z. 
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Using  eq.  (4-2),  eq.  (5-9)  takes  the  form 


or 


.  bglc  :  cglb  . 
Clb  bClb  “  c^lc 


Cb  ♦  c)(Clb  -  Clc)“  0  (5-H) 


Eq.  (5-11)  gives  three  alternative  conditions  similar  to  those  in 
eq.  (A-53)  in  Appendix  III,  namely 


c  "  +  b  and  C{b  "  0* 

c  ■  -  b  and  Ev  C^b  /  0  (5-12) 

Clb  "  Clc  (ie  Clb  and  Clc  real  and  equal) 


The  first  two  conditions  are  discarded  since  they  restrict  b  and 
c  to  be  either  both  real  or  both  imaginary.  The  third  condition, 
using  eq.  (4-1),  requires  that 


aZL  -  bZ_  aZ  -  cZ„ 
d  a  c  a 

a*a  “  t2b  "  aZa  “  cZc 


(5-13) 


Solving  eq.  (5-13)  for 


*c{b  1»  the  derivative 


Za  gives 

_  (a2  -  bc)(Zc  -  Zb) 

Za  a(b  -  c) 

of  with  respect  to  s 


v.  ■ 0  (5'14) 

evaluated  at  a  ■  b. 
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.  (*2  -  *«>«)>  -  Zc>  .  /(a2  -  bc)S(Z„  -  z/  '  _ 

»  Mb  -  c)  -/  I  C)S  Vc 


(5-15) 


Thus  the  problem  reduces  to  finding  whether  a  positive  real  value 
of  a  always  exists  such  that  eq.  (5-15)  is  satisfied  with  b  and  c 
remaining  arbitrary. 

Define  the  following, 


b  "  x  ♦  jy>  c  -  x  -  jy 
\  ■  u  ♦  jv,  Zc  -  u  -  Jv 


(5-16) 


where,  as  in  the  discussion  in  Appendix  V,  x  and  u  are  always  posi¬ 
tive  and  y  may  always  be  chosen  positive.  Then  v  may  be  either 
positive  or  negative. 

For  large  values  of  a,  eq.  (5-15)  can  be  put  in  the  form 


Z 


a 


a(Zb  -  Zc> 
■■■(t“c) 


(5-17) 


For  small  values  of  a,  eq.  (5-15)  becomes,  using  the  first 
twD  terms  of  a  binomial  expansion  to  represent  the  radical. 


Z 


a 


be  /^b  ”  Zc>\  .  be  /^b  Zc\ 

"  JS VfT=“cV  S VTTcV 


2a(b  -  c)ZbZ 

*  -  V  ’ 

(5-18) 


which  reduces  to 


(5-19) 


2a(b  -  c)ZbZc  _  2ay  u2  y2 

a  bc(Zb  -  Zc)  v  x5"'“5 


Let  Za  be  expressed  in  general  form  by 


2  ^  n 

a  a^a  +  a„a  +  ....  a  a 
2  ■  °  1  2  n 

b  +  b., a  ♦  b0a  +  ....  b  a 

o  l  «c  n 


(5-20) 


and  require  that  none  of  the  coefficients  vanish. 

For  large  a,  Z&  in  eq.  (5-20)  approaches  the  value  a rjA‘nt 
while,  for  small  a,  it  approaches  a0/b0«  Each  of  these  ratios 
is  finite  and  non-zero  if  Z  has  no  pole  or  zero  at  the  origin  or 
infinity.  Therefore  Z&  in  eq.  (5-17)  is  greater  than  an/bn  as 
a— ooo  and  less  than  a0/bQ  as  a— *o.  Since  both  expressions  for 
Za  are  continuous  functions  of  a,  their  curves  must  cross  at  least 
once  and  yield  a  value  of  a  which  satisfies  each  equation  and 
permits  the  transformer  in  Fig.  (5-2)  to  be  replaced  by  an  inductor. 
The  resulting  network  is  shown  in  Fig.  (5-5).  By  choosing  b  and 
c  such  that  Ev  Z^  ■  Ev  Zc  ■  0,  Cj  is  four  less  in  rank  than  Z. 


This  network,  in  essence,  was  derived  by  Fialkow  and  Oerst 
using  a  different  procedure1^  and  hence  it  will  be  called  the 
Fialkow-\Terst  network. 


-129- 


Fig.  (5-3)  Elimination  of  the  Transformer  from  Fig.  (5-2) 
(the  Fialkow-Gerst  Network) 


Figs.  (5-1),  (5-2)  and  (5-3)  all  represent  n-type  syntheses. 
Consider  now  the  possibility  of  an  m-type  synthesis  of  in  eq. 
(5-6)..  Normally  this  would  require  loaded  gyrator  networks  similar 
to  those  in  Figs.  (3-14)  and  (3-15).  But  if  a  is  chosen  such  that 
C2c  *  Cjjj*  the  network  section  of  Fig.  (A -2)  in  Appendix  III  results. 
Then  the  complete  syntheses  of  Z  is  as  shown  in  Fig.  (5-4). 


Fig.  (5-4)  m-Type  Transformerless  Synthesis  of  Eq.  (5-6) 
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The  syntheses  in  Figs.  (5-3)  and  (5-4)  are  perfectly  general 
and  the  rank  of  the  terminating  impedance  may  always  be  reduced  by 
four. 


5.4  Cascaded  Operator  Examples 

The  preceding  principles  are  illustrated  by  considering  the 
following  driving  point  impedance  function. 


Z  - 


s3  +  ~  aZ  *  2s  +  4 
s3  +  4s2  +  ~  s  +  2 


where 


num  Ev  Z 


-  (2  -  s2)(s4  +  4) 


Solution  A 

Since  Z  is  of  rank  6,  the  arbitrary  constants  may  be  chosen 
to  reduce  the  rank  of  the  termination  by  six.  Then,  to  develop 
the  network  of  Fig.  (5-2)  requires  that 

a  -  y?  i  b  -  1  ♦  J,  c  -  1  -  j,  Za  « 


It  follows  that 


7  -  - 1 - 

1  JZ  ♦  s 

Zy/l 


num  Ev  V, 


2 

s 


s 
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2 

l 

5 

4 


s  +  2 


s+l 


Note  that  1*  two  less  in  rank  than  Z  since  a  was  chosen  to  make 

Ev  Z  ■  0.  Further  calculations  yield 
& 


From  these  results,  VgV^  and  ^  may  be  found  as 

>  num  Ev 


V„V 


2  2  6  A  0 

5  8  T  8  2 


2V3  . 

2  8  IT  8  2 


s4  ♦  4 


(5  nZ  ♦ 

U  «  t 


Cj  ie  six  less  in  rank  than  Z  since  b  and  c  were  chosen  so  that 
Ev  ■  Ev  Zc  -0.  VgVj  may  now  be  synthesized  directly  by  the 
n-type  procedure .  The  entire  synthesis  of  Z  appears  in  Fig. 
(5-5). 
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Solution  B 

The  constant  a  is  now  chosen  to  eliminate  the  transformer 
in  Fig.  (5-5).  The  constants  b  and  c  remain  the  same  so  that 
is  four  less  in  rank  than  Z.  For  this  case. 


7  -LU51,  z  -  m 

17  '  *c  17 


and  thus  eq.  (5-15)  becomes 


Also 


-  2  ♦  ♦  64a ^  ♦  4 

17a 


3  14  2  „  . 

a  «■  -j-  a  ♦  2a  +4 

z»  ■  77  4;5'  tst.77 


The  approximate  solution  to  these  tw>  equations  is 


.872 
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Then  and  become 


,  _  5.5  +  ,872s 

h  ‘ ,  . s" 

5*5  +  im 


-urn  Ev  Vx  -  5.52  -  s2 


,872s3  ♦  2.78s2  +  2.43s  +  4.13 


1.15s  +  6.16s  ♦  14.2s  +  1.96 


Note  that  is  the  same  rank  as  Z  since  a  was  not  chosen  to  make 


Ev  Z  "0.  Further  calculations  yield 
a 


Clb  "  Clc  =  C2c  "  *338 


5  ♦  ,676s  +  2  _  __  _  4 

V_V,  ■  —x - - - -  ,  nun  Ev  V9V,  ■  s  ♦  4 

*  s  a  ♦  5.92s  ♦  2  *  a 


.  _  ,872s  ♦  2 
C3  l.iSa  ♦  1 


The  complete  synthesis  appears  in  'Fig.  (5-6),  where  has  been 

synthesized  using  the  n-type  procedure  and  is  four  less  in  rank 


than  Z. 


♦  .87 


♦  .34 


Fig.  (5-6)  n-Type  Transformerless  Synthesis 
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Solution  C 

The  m-type  synthesis  of  VgV^  may  be  obtained  directly  since 
the  required  value  of  a  is  the  same  as  that  in  Solution  B.  Both 
^2  and  V0Vg  are  scaled  so  that 

_  _  ,114s2  ♦  ,676s  ♦  .228 

v  v_  ■  "o 

5  s  +  ,676s  +  2 


The  entire  synthesis  appears  in  Fig.  (5-7). 


Fig.  (5-7)  m-Type  Transformerless  Synthesis 


5.5  Even  Part  Synthesis  Procedures 

It  is  well  known  that  a  prf  driving  point  impedance  is  deter¬ 
mined  by  its  even  part  within  an  arbitrary  reactance  function. 
Utilizing  this  fact*  a  number  of  synthesis  procedures  have  been 


-155- 


developed  in  which  the  even  part  ie  split  into  two  or  more  parts 

and  each  part  is  synthesized  separately.  The  Darlington  synthesis 

14  IS 

of  a  split  even  part  and  the  Kiyatax  synthesis  are  two  such 
procedures.  The  first  method  permits  a  synthesis  without  gyrators, 
the  second  without  gyrators  or  transformers,  in  return  for  which 
the  number  of  elements  is  increased  and  the  cascade  nature  of  the 
synthesis  is  lost. 

These  two  methods  are  now  briefly  reviewed,  after  which  it 
is  shown  that  each  may  interpreted  as  the  synthesis  of  the  impe¬ 
dance  operator  V  distributed  in  a  prescribed  way. 

14 

A.  Darlington  Synthesis  of  a  Split  Even  Part 
Let  Z  be  given  by 


where 


Z 


a  sn  ♦  a  s  *  ....a 
n  n-l  o 

v  n  ^  ,  n-l  7  T 

b  s  ♦  b  ..s  ♦  ....b^ 

n  n-i  o 


(5-21) 


Ev  Z 


"l"^  "  nln2 


(5-22) 


Assume  for  the  moment  that  num  Ev  Z  is  a  perfect  square  so 
that  a  reciprocal  Darlington  synthesis  is  possible.  Also  assume 
that  only  eq.  (5-22)  is  given.  Then,  since  m 2  and  n2  are  known, 

since 

•n> 

the  n-type  Darlington  procedure  is  applicable  in  this  case. 

Z  does  not  have  a  pole  or  zero  at  s  *  o. 


Z^g  can  be  obtained  directly.  Also  Z22  i*  found  from  ®g/n2. 
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Since  the  residue  condition  is  satisfied  with  the  equal  sign  at 
all  axis  poles  (the  degree  of  n^  is  not  greater  than  ng),  the 
components  of  Z^  may  be  obtained  from  those  of  Z^g  and  Zgg. 

Thus  the  entire  synthesis  of  Z  is  accomplished  using  only  the  even 
part  of  Z. 

Now  let  the  even  part  of  Z  be  expressed  as 


Ev  Z  ■ 


o  n  o  2  ,  . 

v-»>  )  » 


m2  ”  n2 


(5-23) 


or 


„  2  „  n-2 

AnC-o )  An_2(“8  } 

Ev  Z  -  - £  ♦  ■  - - s-  ♦  .... 


m2  ”  n2 


m2  "  n2 


1 - ? 

m2  ”  n2 


(5-24) 


If  the  coefficients  in  eq.  (5-24)  are  all  positive  then  each 
term  on  the  right  is  positive  everywhere  on  the  axis.  Further¬ 
more  all  denominators  are  identical,  equal  to  that  of  Z,  and  hence 
are  Hurwitz  polynomials.  Thus  each  term  on  the  right  hand  side 
of  eq.  (5-24)  is  the  even  part  of  a  realizable,  minimum  reactance 
impedance .  The  sum  of  these  impedances  is  Z. 

The  Darlington  synthesis  of  a  split  even  part  may  be  con¬ 
sidered  in  another  manner.  Let  the  driving  point  impedance  func¬ 
tion  be  given  by 


Z 


2 

s  ♦  a^s  ♦  a 

“5 - - 

s  ♦  b.,8  ♦  b 

J.  0 


(5-25) 
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T-rh-re 


Ev  Z 


s^  -  (a.,*)..  -  a  -  b  )a2  +  a  b 
_ '  1  1  o  o'  o  o 

r  2  A  T5  5 

Cs  ♦  bQ)  -  b^^  a 


(5-26) 


Assume  the  numerator  coefficient  in  the  parentheses  is  posi¬ 
tive,  a  necessary  condition  for  the  split  even  part  procedure  to 
be  applicable.  Let  Z  in  eq.  (C-2C)  be  rewritten  as 


2  b° 

s  +H-s 

Z  -  -g - 


a  •:  b 


(“l  -  -Tp)  ”  *o  *  * 


*  ~ i 


s  ♦bns+b  s  ♦  b.s  +  b 
10  10 


+  T 


8  ♦  bns  +  b 

1  0 


(5-27) 


Computing  the  numerators  of  the  even  parts  of  Z^  Zg  and  Zq  gives 
values  identical  with  those  in  the  numerator  of  eq.  (5-26). 

4 

num  Ev  Z.  -  s 
4 

num  Ev  Zg  -  -  (a^  -  aQ  -  bQ)s2  (5-29) 

num  Ev  Z  -  a  b 
0  00 


In  general,  if  Ev  Z  is  given  by  eq.  (5-24)  with  all  coeffi¬ 
cients  positive,  then  Z  may  be  written  as 


Nn(s) 

Z  -  - -  ♦ 


m2  +n2 


Nn-2<8) 
m2  +n2 


n 


♦  Z. 


n-2 


N0(a) 


m2  +  n2 


(5-50) 


•  •  •  • 


s 
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where  each  term  on  the  right  is  prf.  Thus,  in  general,  the 

Darlington  synthesis  of  a  split  even  part  may  be  considered  as 

the  synthesis  of  the  parts  of  2,  distributed  in  such  a  way  that 
2  q 

num  Ev  ■  A^(-s  )  (q  -  0,  2,4  . . .  n) .  This  concept  of  synthe¬ 
sizing  the  distributed  Z  is  useful  in  the  impedance  operator  dis¬ 
cussion  to  follow. 


E.  Miyata  Synthesis 

The  chief  disadvantage  of  the  previous  procedure  is  that 

perfect  transformers  are  often  required.  The  Miyata  procedure 

avoids  their  use.  Again  consider  Z  in  eq.  (5-21)  and  its  even 

part  given  by  eq.  (5-22).  If  aQ  *  0,  ie  Z  has  a  zero  at  the  origin, 

2  1 

then  Aq  ■  0  and  num  Ev  Z  has  the  factor  -  s  .  Thus  T  ■  g-  has  a  pole 
at  the  origin  which  can  be  removed  as  a  shunt  inductance  L.  Re¬ 
moving  this  pole  from  the  reciprocal  of  eq.  (5-21)  gives 


(5-31) 

®1®12  ”  nin2 

- -j - 

EvYl  "  - T - 5“  *  Y  (5-32) 

"l  "  “l 

- T~ 

-8 

The  denominator  of  eq.  (5-32)  has  no  zero  at  the  origin.  Its 
numerator  may  be  expressed  as 
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num  Ev  Y1 


num  Ev  Z 

- 5 


-  s 


(5-33) 


If  Ag  is  also  zero*  then  the  constant  term  in  the  numerator  of  Y^ 
is  zero  and  Y1  has  a  zero  at  origin.  Hence  has  a  pole  there 
which  may  be  removed  as  a  series  capacitance.  If  num  Ev  Z  has  its 
last  k  terms  missing,  k  reactive  elements  may  be  removed  from  Z  in 
this  fashion. 

In  a  similar  manner,  if  a  "0,  then  A  “0  and  Z  has  a  zero 

n  n 

at  infinity.  This  can  be  removed  as  a  shunt  capacitance.  If  the 
first  i  terms  of  num  Ev  Z  are  missing,  l  reactive  elements  may  be 
removed.  If  k  +1  ■  n,  which  implies  that  num  Ev  Z  has  zeros  only 
at  the  origin  and  infinity,  Z  is  synthesized  by  n  reactive  elements 
and  a  resistive  termination. 

The  Miyata  synthesis  procedure  utilizes  the  above  properties. 
Consider  the  individual  parts  of  Ev  Z  as  given  in  eq.  (5-24).  For 
each  part,  k  ♦  l  ■  n  and  thus  each  part  may  be  realized  by  n  reac¬ 
tive  elements  and  a  resistance,  assuming  all  the  numerator  coef¬ 
ficients  are  positive.  However  this  process  would  be  computation¬ 
ally  laborious  were  it  not  for  the  fact  that  a  prototype  impedance 
can  be  found  and  all  other  impedances  computed  from  it.  The  pro¬ 
totype  is  defined  by  its  even  part  as 


EvZp 


m. 


1 


T 

n2 


(5-34) 
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3 

Zp  is  now  obtained  (using  the  Gewertz  procedure.*  for  example)  and 
the  numerator  of  each  even  part  term  is  multiplied  by  Zp.  The 
resulting  expressions  are  not  in  general  prf,  but  their  even  parts 
are  always  positive  on  the  jw  axis.  Each  expression  is  "divided 
out"  until  the  order  of  its  numerator  no  longer  exceeds  that  of 
its  denominator.  The  result  is  the  sum.  of  an  odd  polynomial  in  s 
(whose  even  part  is  zero)  plus  a  rational  function  of  s.  Each 
rational  function  so  obtained  has  the  same  denominator  (that  of 
Z)  and  an  even  part  identical  with  the  portion  of  the  even  part 
of  Z  from  which  it  was  derived.  Thus  it  is  the  desired  impedance. 
Each  such  impedance  may  now  be  synthesized  by  n  reactive  and  one 
resistive  element  and  the  resulting  networks  added  in  series  to 
give  Z. 

The  Miyata  procedure  may  also  be  interpreted  in  terms  of  a 
distributed  Z  rather  than  a  split  even  part  of  Z.  Consider  in 
eq.  (5-27).  The  numerator  of  its  even  part  is  s4.  Thus  for  Z^, 

Aq  and  Ag  are  missing  in  eq.  (5-24).  This  means  that  two  reactive 
elements  may  be  removed  from  and  Z^  may  be  expanded  into  the 
following  form 


(5-55) 


Thus  a  shunt  inductor  and  a  series  capacitor ^  may  be 
removed  from  Z4  leaving  a  resistive  termination  (1  ohn).  The 
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process  may  be  repeated  for  Zg  and  ZQ  and  the  results  added  in  series 
to  give  the  Miyata  synthesis  of  Z. 

Eq.  (5-“35)  is  a  Cauer-type  expansion  of  Z^  whereas  the  previous 
Darlington  syntheses  are  Foster-type  expansions .  Once  again,  this 
concept  of  synthesizing  the  distributed  Z  is  useful  in  the  develop¬ 
ment  of  Miyata-type  networks  using  the  impedance  operator.  This  is 
discussed  subsequently. 

5.6  V  Operator  Split  Even  Part  Synthesis 

In  this  and  the  following  section,  the  principles  of  the  pre¬ 
vious  section  are  applied  to  the  V  operator.  It  is  shown  that  the 
Darlington  split  even  part  procedure  and  the  Miyata  procedure  may 
be  interpreted  as  syntheses  of  the  V  operator  distributed  in  a 
prescribed  way. 

The  impedance  operator  lends  itself  readily  to  even  part 
synthesis  largely  because  of  three  relations  developed  in  Chapter 
II.  These  relations  are  eqs.  (2-17),  (2-48)  and  (2-50),  which  are 
repeated  below  in  slightly  revised  form. 

man  Ev  Z  ■  (num  Ev  V)(num  Ev  C)  (5-36) 

VC  -  (V1  ♦  V2  t  ...  Vn)C  -  VXC  ♦  V2C  ♦  ...  VnC  (5-37) 
man  Ev  V  ■  nun  Ev  *  man  Ev  Vg  ♦  ...  man  Ev  Vn(5-58) 

Eq.  (5-35)  points  out  that  the  zeros  of  man  Ev  Z  are  split  between 

man  Ev  V  and  man  Ev  C»  Thus  any  of  the  zeros  of  man  Ev  Z  which 

{ 


-142 


i 


i 


appear  in  num  Ev  V  are  absent  from  num  Ev  £.  This  equation  also 
points  out  that  num  Ev  7  can  be  split  without  interfering  with  the 
relationship  between  num  Ev  Z  and  num  Ev  C*  Eqs.  (5-5?)  and  (5-58) 
are  vali.d  only  if  the  denominators  of  Vg  ...  V  are  equal  or 
differ  by  a  positive  real  constant.  The  three  equations  taken 
together  demonstrate  that  the  Darlington  split  even  part  procedure 
may  be  readily  applied  to  the  V  operator,  in -other  words  num  Ev  V 
may  be  split,  the  individual  parts  synthesized,  C  included  as  the 
termination  in  each  synthesis,  and  the  resulting  networks  assembled 
in  series  to  give  the  desired  Z.  Eqs.  (5-57)  and  (5-58)  point  out 
that  the  synthesis  may  be  considered  in  two  ways,  either  as  a 
synthesis  of  the  parts  of  Ev  V  or  as  a  synthesis  of  the  parts  of  the 
distributed  V  operator.  To  further  illustrate  this  latter  concept, 
let  Z  in  eq.  (5-25)  represent  an  impedance  operator  such  that 


VC 


(a2  ♦  ao)C  ♦  a1s 

— 2 - 

s  ♦  bQ  +  b^sC 


(5-59) 


Eq.  (5-59)  may  be  distributed  in  the  following  way. 


2,  .  o 

8  C  ♦  r"  8 


a  ♦  b 


V{  -  -jr 


Ox-V& 


♦  b  ♦  b-.sC 
o  1  * 


♦  b  ♦  b.sC 

O  X 


a0C  *  bf  8 


♦  b  ♦  b.sC 

O  X 


-  V  ♦  v2C  ♦  voc 


* 


(5-40) 
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7^,  and  Vq  may  now  be  synthesized  by  the  Darlington  procedure, 
the  proper  terminations  added,  and  the  resulting  networks  placed 
in  series,  assuming,  as  in  eq.  (5-25)  that  the  numerator  coefficient 
uf  is  positive. 

Example  1 

Let  it  be  required  to  synthesize  Z  given  by 

(s2  +  2)Cg  ♦  j  s 

Z  -  — £ - 

s  ♦  3  ♦  3s£,, 


by  synthesizing  the  distributed  V  operator  and  also  by  synthesizing 
the  split  even  part  of  V.  The  V  operator  and  its  even  part  are 


2  7 

s  ♦  t  s  +  2 

V  -  - - 2 - ,  Ev  v 

s*  ♦  3s  ♦  3 


s4  -  2s2  ♦  6 
(s2  ♦  3)2-  9s2 


The  coefficients  in  num  Ev  7  satisfy  the  requirements  for  a  split 
even  part  synthesis.  Let  7  be  distributed  according  to  eq.  (5-27). 


7  - 


2  ' 

8  +8 


♦  3s  ♦  3 


♦T 


2 

y 8 


♦  3s  ♦  3 


♦T 


2 

8 


♦  3s  ♦  3 


V4*V2 


♦  7 


num  Ev  7 


4  2 

s*  -  2s 


♦  6 


■  num  Ev  7.  ♦  num  Ev  7_  ♦  num  Ev  7 
*  c  o 
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and  Vq  are  synthesized  by  the  n-type  procedure  while  Vg  requires 
the  m-type  procedure.  In  the  cases  of  Vg  and  Vq,  the  terminations 
are  scaled  to  avoid  transformers.  The  complete  synthesis  appears 
in  Fig.  (5-8). 


Fig.  (5-8)  Split  Even  Part  Synthesis  of  V 


The  synthesis  in  Fig.  (5-8)  may  also  be  achieved  by  synthe 
sizing  the  split  even  part  of  V  given  by 


Ev  V 


2 

T 


Z  2 

where  the  ^  and  g*  scaling  factors  again  permit  the  synthesis  of  Z 
without  transformers. 


5.7  V  Operator  Miyata-Type  Synthesis 

The  Kiyata  procedure  also  applies  in  the  case  of  the  V 
operator,  again  largely  because  of  the  relations  in  eqs.  (5-36) 
through  (5-38).  Alternatively,  the  V  operator  may  be  distributed, 
each  part  expanded  into  a  Cauer  network,  the  appropriate  termina- 


-14S 


tions  included#  and  the  resulting  networks  placed  in  series.  To 
further  illustrate  the  latter  procedure#  consider  the  Cauer  expan¬ 
sion  of  V4£  in  eq.  (5-40).  This  is  given  by 


V  f 
45 


(5-41) 


s  b 


V 


Note  the  similarity  between  eqs.  (5-35)  and  (5-41).  The  only 
difference  is  that  the  one-ohm  termination  in  eq.  (5-35)  is  re¬ 
placed  by  £  in  eq.  (5-41).  Stated  another  way#  eq.  (5-40)  does 
not  specify  the  manner  in  which  the  individual  V  operators  are  to 
be  synthesized;  it  merely  states  that  each  is  to  operate  in  a  pre¬ 
scribed  way  on  £  and  the  results  summed  to  give  V£. 


Example  2 

Let  it  be  required  to  synthesize  the  Z  of  example  1  through 
Cauer  expansions  of  each  part  of  the  distributed  V  operator  and 
also  by  applying  the  Hiyata  procedure  to  the  split  even  part  of  V. 
The  Cauer  expansions  of  V^#  and  Vq  are 


Ta 

T 


♦ 


2 
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V 

o 


1 


2 

3 


When  the  terminations  are  included  and  the  syntheses  summed,  the 
network  of  Fig.  (5-8)  results. 

The  Miyata  prototype  in  this  case  has  an  even  part  given  by 


Ev  V 


f  ^  n  2 

(s  +3)  -  9s 


Synthesizing  Ev  7^  gives 


s  ♦  3 


'*■  T  77TT, 


Multiplying  the  terms  in  num  Ev  V  from  example  1  by  Vp  gives 


j  m  a4(s  ♦  3) 

4+  9(s2  ♦  3s  ♦  3) 


T  _  -Zs^Cs  ♦  3) 

9(s  ♦  3s  ♦  3) 


v  -  °(«  *  3) 

9(bZ  ♦  5«  ♦  5)  0 


V4+  and  V  are  non-prf.  The  even  parts  of  V4+  Vg+  and  Vo+  are 
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equal  to  those  of  V4,  Vg  and  V  ,  respectively. 

Dividing  out  V4+  and  Vg+  until  the  numerator  degrees  do  not  exceed 
those  of  the  denominator  yields 


4+ 


'2+ 


w _  _  w  A 

T  3 


-  + 


T  +  T 


2 - - TT 

a  ♦  Ss  ♦  3 


2 

3  s 


♦  3s  +  3 


2s 

‘  T 


♦  v„ 


The  reactive  elements  may  now  be  removed  from  V ,  Vg  and  Vq,  again 
yielding  the  network  of  Fig.  (5-8). 


5.8  The  Bo tt -Puffin  Network  from  the  Distributed  V  Operator 

The  Bo tt -Duffin  network  may  be  shown  to  result  from  a  parti¬ 
cular  distribution  of  the  rank  2  V  operator  developed  in  Chapter 
III.  To  show  this  relationship,  let  Z,  as  given  by  eq.  (3-1),  be 
rewritten  as 


Z 


aZ, 


r  +  sZb 


Cl 


(5-42) 


* 

The  networks  resulting  from  the  split  even  part  Darlington  and 
Miyata  procedures  are  not  always  identical  as  in  Examples  1  and 
2,  since  it  is  not  always  possible  to  achieve  a  split  even  part 
Darlington  synthesis  without  transformers,  especially  for  impe¬ 
dances  of  rank  greater  than  four. 
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or 


(5-43) 


If  the  pertinent  driving  point  impedance  is  considered  to  be  Z/Z 

cl 

and  the  termination  is  defined  as  Z,  *  {../Z  *  'the  Bo tt -Duff in  V 

JL  1  3- 

operator  is 


a  ♦  s 
a  +  s 


(5-44) 


Let  eq.  (5-44)  be  distributed  to  give 


where 


BD 


a  ♦  s  a  ♦  s 


(5-45) 


Ev  V, 


BD 


(5-46) 


The  requirement  of  positive  coefficients  is  satisfied  and 

thus  the  first  and  second  parts  of  V  may  be  synthesized  by  the 

n  -  and  m-type  Darlington  procedures*  respectively.  The  result  is 

the  network  of  Tig.  (5-9)*  which  is  the  non-cascade  representation 

6 

of  the  Bott-Duffin  netvjork.  The  positive  real  constant  a  is 
arbitrary  and  may  be  chosen  so  that  given  by 


aZ  -  sZ^ 
a 

aZ  •  sZ 
a 


(5-47) 
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has  a  j«a  axis  zero  or  pole  at  the  point  where  the  even  part  of  Z 
is  zero, according  to  the  Bott-Duffin  procedure. 


Bott-Duffin  result  which  is  now  reviewed  so  as  to  compare  it  with 
the  distributed  operator  procedure.  Let  Z, given  by  eq.  (1-1)  and 
here  assumed  to  be  a  minimum  resistance  function,be  augmented  by 
the  polynomial  s  ♦  a  to  yield 


(m^  +  n^)(s  ♦  a)  (am^  ♦  sn^)  +  (an^  ♦  sm^) 

Z  "  (mg  ♦  n*)(s  ♦  a)  "  (amg  ♦  sn~)  ♦  (ang  ♦  sm2)  M2  +  Ng 

(5-47) 


The  even  part  of  Z  is  given  by 


Ev  Z 


2 

’Y2)(a 

4-4™ 


(5-48) 


The  method  is  actually  a  special  application  of  a  general  proce¬ 
dure  for  extending  the  Miyata  synthesis  procedure.  In  the  general 
procedure  the  polynomial  s  ♦  a  is  replaced  by  »0  ♦  n  . 


-ISO 


Eq.  (5-48)  may  be  separated  to  give 


Ev  Z  ■ 


mZ  -  Vz) 
2  2 
M2  -4 


'<Vt  ■  "lV 
£ 

«2  -N2 


(5-49) 


The  polynomial  s  ♦  a  is  now  specified  to  fulfill  the  condition 

* 

that  M„  vanish  at  the  point  s  *  where  the  even  part  of  Z  is  zero. 
It  follows  that  also  vanishes  at  s  »  since  in^mg  -  n^ig  vanishes 
there. 

Each  term  in  eq.  (5-43)  represents  the  even  part  of  a  prf 
impedance.  These  impedances  may  be  found  from  their  even  parts. 

,  a/ 2 

Since  (m^m^  -  n^n^)  is  a  factor  of  both  Mg  and  N^s  the  first  impe¬ 
dance  in  eq.  (5-49)  has  axis  zeros  at  s  ■  oo  and  at  s  *  j»o  and  the 
second  impedance  has  axis  zeros  at  a  *  0  and  at  s  *  j«#o.  These 
zeros  may  be  removed  from  each  impedance. 

The  impedance  operator  approach  utilizes  the  synthesis  of  the 
distributed  V  operator  (with  its  built-in  surplus  factor)  to  achieve 
the  Bo tt -Duff in  network  whereas*  in  the  Guillemin  approach*  Z  is 
augmented  by  the  auxiliary  polynomial  at  the  outset  and  a  split- 
even  part  synthesis  is  used.  Both  methods  employ  the  constant  a 
to  create  a  finite  yo  axis  zero  or  pole  in  the  two  resulting  impe¬ 
dances. 

If  this  requirement  yields  a  negative  a,  then  M^  can  be  required 

to  vanish  at  a  ■  • 

o 


CHAPTER  71 


SUMMARY,  CONCLUSIONS,  FUTURE  INVESTIGATION 

6.1  Introduction 

The  final  chapter  consists  of  two  parts.  In  the  first  portion, 
a  summary  of  the  results  of  the  previous  chapters  is  presented  and 
conclusions  are  drawn  therefrom.  The  summary  is  two-fold.  First  the 
overall  contribution  of  the  thesis  in  terms  of  the  development  of  the 
impedance  operator  concept  and  its  application  to  network  synthesis  is 
discussed.  Secondly,  a  summary  of  the  specific  contributions  result¬ 
ing  from  a  consideration  of  the  properties  of  the  various  impedance 
operators  and  their  network  realizations  is  presented. 

The  second  portion  of  the  chapter  deals  with  possible  further 
applications  of  the  impedance  operator  approach  to  network  analysis 
and  synthesis.  Special  emphasis  is  given  to  the  distributed  impedance 
operator  and  the  possibility  of  achieving  syntheses  which  do  not  in¬ 
clude  gyrators  or  transformers  by  relaxing  the  requirement  of  a  single 
termination. 

6.2  Overall  Contribution 

In  Section  1.1  it  was  stated  that  the  purpose  of  this  thesis 
was  to  develop  a  general,  systematic,  flexible  and  easily  applied 
approach  to  driving  point  impedance  synthesis  using  the  concept  of 
the  impedance  operator.  This  purpose  has  been  achieved  in  the  pre¬ 
vious  five  chapters.  The  impedance  operator  approach  is.  general  in 


-151- 


-152 


that  it  is  applicable  for  any  configuration  of  even  part  zeros  and 
therefore  permits  the  synthesis  of  any  prf  driving  point  impedance 
through  its  use.  It  is  systematic  in  that  the  same  basic  operations 
are  required  no  matter  what  the  rank  of  the  driving  point  impedance 
or  the  type  of  cascade  realization  desired.  The  method  is  flexible 
because  of  the  arbitrary  constants  incorporated  in  each  impedance 
operator  and  the  terminating  impedances.  These  constants  permit 
considerable  latitude  in  the  network  structures  which  realize  a  given 
driving  point  impedance.  The  method  is  easy  to  apply,,  in  that  the 
required  computations  for  a  given  driving  point  impedance  are  straight¬ 
forward  and  involve  only  a  reasonable  amount  of  algebra. 

It  has  been  shown  that  the  synthesis  procedures  of  Brune, 
Darlington,  Miyata  and  Bott-Duffin  readily  lend  themselves  to  the 
impedance  operator  approach.  The  Brune  procedure  results  from  a 
specific  synthesis  of  the  rank  4  impedance  operator  in  Section  3.4. 

In  Sections  5.6  and  5.7,  it  is  shown  that  the  split  even  part 
Darlington  and  Miyata  procedures  may  be  considered  as  syntheses  of 
the  distributed  impedance  operator  in  conjunction  with  Foster  and 
Cauer  expansions,  respectively.  The  Bott-Duffin  network  is  shown  to 
result  from  a  particular  distribution  of  the  rank  2  impedance 
operator  in  Section  5.8. 

From  the  impedance  operator  approach,  three  cascade  synthesis 
procedures  have  been  developed.  These  are  the  procedures  of  Sec¬ 
tions  3.5,  3.10  and  5.5.  The  procedure  of  Section  3.5  is  an  exten¬ 
sion  of  the  Bott-Duffin  procedure  and  is  a  specific  contribution  of 
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this  thesis.  It  differs  from  the  usual  Bo tt -Duff in  procedure  in 
that  two  applications  of  Richards'  Theorem  are  employed  rather  than 
one.  The  extended  procedure  permits  realizations  of  the  form  of 
Fig.  (3-11)  which  do  not  occur  in  the  usual  Bo tt -Duff in  synthesis  pro¬ 
cedures.  The  procedure  of  Section  3. ID  is  a  general  cascade  recipro¬ 
cal  synthesis  procedure  applicable  to  any  prf  driving  point  impedance. 
As  pointed  out  in  the  footnote  to  Section  3.10,  this  synthesis  proce¬ 
dure  is  new  but  the  philosophy  behind  it  is  that  of  Guillemin  as 
described  in  Section  1.9.  The  procedure  of  Section  5.3  permits  any 
prf  driving  point  impedance  to  be  realized  by  a  non-reciprocal  cas¬ 
cade  synthesis  procedure  which  does  not  require  mutual  coupling. 

Again  the  procedure  is  new  but  one  of  the  resulting  networks  has  been 
obtained  by  Fialkow  and  Gerst  by  a  different  method,  as  mentioned  in 
Section  5.3. 

6.3  Specific  Contributions 

In  addition  to  the  overall  contribution  summarized  above,  there 
are  a  number  of  specific  contributions  which  are  dispersed  throughout 
the  thesis.  The  more  important  of  these  will  now  be  summarized  in 
the  order  of  their  occurrence. 

A.  A  general  non -re cipro cal  Darlington  synthesis  procedure  appli¬ 
cable  to  any  prf  driving  point  impedance  (Theorem  p)  has  been  devel¬ 
oped  in  Section  1.5  and  applied  to  imps dan cos  of  rank  2 ,  4  and  6  in 
Sections  1.6  and  1.7  using  the  netwoifc  sections  of  Figs.  (1-2)  and 
(1-3).  The  results  in  Section  1.6  are  not  orlginal4,^4j  whereas 
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those  in  Section  1.7  are.  The  procedure  is  a  non-cascade  type  since 
all  of  the  even  part  zeros  are  realized  in  one  "box*  rather  than  in 
cascaded  "boxes"  as  in  Pig.  (1-11 ).  The  realization  is  always  in  the 
form  of  a  lossless  (generally  non -re cipro cal)  network  terminated  in  a 
pure  resistance. 

B.  Tho  extended  residue  condition  of  eq.  (1-25)  and  the  fact  that 

the  two  extended  residue  conditions  of  eqs.  (1-25)  and  (1-27)  are 

equivalent  (Theorem  C  in  Section  1.4)  are  specific  contributions  of 

2  14 

this  thesis.  The  extended  residue  condition  of  eq.  (1-27)  is  not.  * 
Eq.  (1-27)  permits  realizations  in  terms  of  the  capacitive  structure 
of  Pig.  (1-5)  whereas  eq.  (1-25)  applies  when  the  inductive  structure 

l 

I 

of  Pig.  1-2  is  desired.  ! 

C.  The  associative,  consultative  and  distributed  laws  have  been 
applied  to  the  impedance  operator  in  Chapter  II.  The  operator  is 

.i 

shown  to  always  ,  obey  the  associative  law  through  Theorem  D  in  Sec- 

I 

tion  2.5;  it  is  jshown  to  obey  the  commutative  law  only  if  the  condi¬ 
tions  of  Theorem  G  in  Section  2.7  are  satisfied;  and  it  is  shown  to 
obey  the  distributive  law  only  if  the  conditions  of  Theorem  H  in  Sec¬ 
tion  2.8  are  satisfied. 

D.  Two  important  theorems  concerning  the  even  parts  of  a  series  of 
impedance  operators  are  developed  in  Chapter  II,  These  are  Theorem 

E  in  Section  2.4,  which  relates  the  even  part  numerators  of  a  series 
of  cascaded  impedance  operators,  and  Theorem  I  in  Section  2.8,  which 
relates  the  even  part  numerators  of  a  distributed  impedance  operator. 
The  former  has  been  used  extensively  in  the  development  of  impedance 
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operator  cascade  syntheses  throughout  the  thesis  while  the  latter 
has  been  applied  in  the  distributed  impedance  syntheses  in  Chapter  V. 

E.  The  pseudo -commutative  property  of  the  impedance  operator  dis¬ 
cussed  in  Section  2.7  is  included  here  because  it  permits  resistance 
to  be  inclided  in  the  removed  network  section.  This  property  merits 
further  study  and  thus  is  also  included  in  the  discussion  of  proposed 
future  investigations  later  in  the  chapter. 

F.  The  representation  of  the  basic  impedance  operator  relations  in 
matrix  form  has  been  presented  in  Section  2.9.  No  immediate  advan¬ 
tage  of  these  matrix  forms  has  been  found  (other  than  their  concise¬ 
ness)  but  it  is  very  possible  that  they  could  be  of  value  in  the 
development  of  two -port  synthesis  procedures  using  the  impedance 
operator  approach. 

0.  The  non-reciprocal  network  sections  of  Figs.  (3-7),  (3-8)  and 
(3-16)  (similar  to  the  Brune  section  and  the  Darlington  C  and  D  sec¬ 
tions)  merit  inclusion  here,  not  because  they  are  new  sections,  but 
rather  because  they  have  been  arrived  at  in  a  new  way,  contain  -arbi¬ 
trary  constants  and  can  always  be  obtained  through  the  elimination 
of  gyrators  from  other  network  sections.  These  points  have  been  dis¬ 
cussed  in  detail  in  Chapter  III. 

H.  The  non -re cipro cal  network  sections  of  Figs.  (4-la)  and  (4-lb) 
are  of  interest  largely  because  of  the  fact  that  they  realize  six 
even  part  zeros  (generally  two  real  and  four  oomplex). 

I 

I.  In  the  discussion  of  the  rank  6  impedance  operator  in  Section 


4.2  (Theorem  K),  it  was  shown  that  a  permutation  of  the  three  arbi- 
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trary  constants  in  no  way  changed  the  impedance  operator  or  the  ter¬ 
minating  impedance,  Thus  Theorem  K  permits  the  "middle  constant", 
b,  to  be  positive  real  while  a  and  c  are  complex  conjugates  with  a 
non-negative  real  part.  No  application  of  this  result  has  as  yet  been 
found.  - 


6.4  Future  Investigation 


A%  .-Distributed  Operators 


In  Section  5.8,  the  rank  2  V  operator  of  eq.  (3-2)  was  changed 
slightly  in  form  and  distributed  into  two  parts.  The  resulting 
synthesis  yielded  the  Bo tt -Duff in  network  of  Fig.  (5-9). 

No  other  specific  distributed  operator  syntheses  have  been 
developed  in  this  thesis  and  thus  there  is  a  considerable  amount  of 
wo ik  still  to  be  done  in  this  area. 

To  illustrate  a  possible  course  for  future  study  of  the  dis¬ 
tributed  impedance  operator,  consider  the  rank  4  V  operator  given  by 
eq.  (5-15),  which  is  repeated  below. 


V 


ab  ♦  s(bZa  ♦  a^) 


*b  *  *  4) 


♦  s 


♦  8 


(6-1) 


Its  even  part  may  be  split  as  follows: 


Bv  7 


(a2*bV.  a4 

T~-y  — ? 
®2  “  n2  *2  "  “2 


(6-2) 


In  order  to  achieve  a  Darlington  split  even  part  or  a  Miyata  synthesis 
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of  eq.  C 6 -Jt‘ ) >  it  is  necessary  that  all  numerator  coefficients  be  posi- 

2.  2  4 

tive .  The  quantity  a  d  is  always  positive  and  the  s  coefficient  is 

2  2 

unity.  The  quantity  a  ♦  b  may  or  may  not  be  positive,  depending  on 
the  values  of  a  and  b.  It  is  positive  if 

Re  a  >  |lm  a|  f6-3) 

It.  is  always  possible  to  choose  a  (and  therefore  b)  so  that  eq.  (6-3) 
is  satisfied  but,  in  so  doing,  it  may  not  be  possible  to  make  Ev  Za* 
Ev  Zb  »  0  so  as  to  reduce  the  rank  of  the  terminating  impedance 
through  zero  cancellation  synthesis.  Thus  a  constraint  is  imposed  on 
the  synthesis  of  eq.  (6-2)  by  eq.  (6-4). 

Following  the  pattern  of  Section  5.6  and  eq.  (5-40),  the  syn¬ 
thesis  of  eq.  (6-2)  may  also  be  interpreted  as  the  synthesis  of  V 
distributed  in  the  following  way. 


*  7 

A  similar  constraint  is  given  by  Guillemin  for  driving  point  impe¬ 
dances  of  all  ranks  to  the  effect  that  all  even  part  numerator 
coefficients  are  positive  if  the  even  part  zeros  of  the  given  impe¬ 
dance  do  not  lie  within  45°  of  the  axis. 


i 
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v  a 

where  D  ■  yr~  +  r  1 "  as  in  eq.  (3-53)  and 
a  *lb 

4 

num  Ev  ■  s 

man  Ev  Vg  «*  -  (a^  ♦  b^)s^  (6-5) 

man  Ev  V  ■  aS)^ 

o 

Eqs.  (6-2),  (6-3)  and  (6-4)  raise  several  questions  regarding 
distributed  operator  synthesis  procedures  which  should  be  investi¬ 
gated. 

1)  Is  it  desirable  to  distribute  the  impedance  operator  in  ways 

other  than  that  of  eq.  (6-4)  (where  only  one  power  of  s  appears  in 

Ev  V4,  Ev  Vg  and  Ev  VQ).  Are  there  other  distributions  of  7  which 

will  always  permit  syntheses  without  transformers  and/or  gyrators  or 

will  allow  a  reduction  in  the  number  of  elements  required  in  a  given 
* 

synthesis? 

18 

This  latter  question  has  been  discussed  by  Kuh  with  regard  to 
splitting  the  even  part  of  a  driving  point  impedance  function.  Kuh’s 
procedure  splits  the  even  part  of  Z  into  only  two  parts.  Then 
reactive  elements  are  removed  from  each  of  these  parts  leaving  ter¬ 
minating  impedances  of  reduced  rank.  The  process  is  repeated  on 
these  tenninations. 

It  has  been  suggested  by  Darlington  that  a  useful  approach  would 
be  to  try  to  develop  a  synthesis  without  transformers  and  with  no 
more  than  k  redundant  elements. 
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Possible  application  of  Kuh’s  procedure  to  the  impedance  opera- 
tor  should  be  investigated.  Furthermore,  other  even  part  separations, 
in  which  more  than  one  power  of  a  appears  in  each  of  the  parts  of  the 
even  part  numerator,  should  be  studied. 

2)  Is  there  any  advantage  to  be  gained  by  distributing  the  rank  6 
impedance  operator  of  eq.  (4-6)  with  its  three  arbitrary  constants? 

Is  it  possible  to  choose  one  of  the  arbitrary  constants  to  simplify 
the  distributed  operator  synthesis  while  retaining  the  other  two  con¬ 
stants  for  rank  reduction  of  the  terminating  impedance?  Is  it  pos¬ 
sible  to.  choose  one  or  more  of  the  arbitrary  constants  so  as  to  signi¬ 
ficantly  reduce  the  number  of  elements  required  in  the  synthesis  of 
the  distributed  operator? 

3)  In  eqs.  (5-1),  (5-2)  and  (5-3),  three  specific  impedance  opera¬ 
tors  were  presented.  These  operators  were  then  cascaded  in  various 
ways  to  achieve  several  cascaded  operator  syntheses,  two  of  which  did 
not  require  transformers.  The  question  arises  as  to  whether  it  might 
not  be  possible  and  desirable  to  develop  syntheses  in  which  one  or 
more  of  these  three  operators  is  distributed.  Could  a  synthesis  pro¬ 
cedure  be  developed  which  requires  neither  gyrators  nor  transformers, 
perhaps  again  through  proper  choice  of  one  or  more  of  the  arbitrary 
constants? 

4)  All  of  the  distributed  operator  syntheses  suggested  by  items  1, 

2  and  5  above  should  also  be  investigated  from  the  Kiyata  synthesis 
point  of  view,  in  which  Cauer,  rather  than  Fostei>  expansions  are  used. 
It  is  again  entirely  possible  that  syntheses  which  do  not  require 
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transformers  or  gyrators  may  be  achieved,  although  in  this  case 
undoubtedly  at  the  expense  of  an  additional  number  of  elements. 

B.  Driving  Point  Impedances  of  Odd  Rank 

Throughout  this  thesis,  driving  point  impedances  of  even  rank 
have  been  considered.  It  has  been  assumed  that,  if  impedances  of 
odd  rank  were  encountered,  the  poles  and  zeros  at  the  origin  and 
infinity  could  be  removed  prior  to  the  application  of  the  impe¬ 
dance  operator  approach.  The  question  arises  as  to  whether  it  is 
always  desirable  to  remove  such  poles  and  zeros  at  the  outset  from 
a  driving  point  impedance  function.  Consider,  as  a  first  example, 
the  discussion  in  Appendix  7.  There  it  was  shown  that  it  is  often, 
but  not  always,  possible  to  choose  the  constant,  c,  with  a  and  b 
remaining  arbitrary,  so  as  to  achieve  the  syntheses  of  Figs.  (4-4) 
and  (4-5).  The  lack  of  generality  in  Appendix  V  results  from  the 
fact  that  Z  was  assumed  finite  and  non-zero  at  both  the  origin  and 
infinity.  Suppose,  for  example,  that  Z  has  a  zero  at  both  the 
origin  and  infinity.  Then  it  is  always  possible  to  find  a  positive 
real  value  for  c  such  that  the  synthesis  of  Fig.  (4-4)  is  guaranteed 
when  v  is  positive  and  the  synthesis  of  Fig.  (4-5)  when  v  is  nega¬ 
tive. 

As  a  second  example,  consider  the  discussion  in  Appendix  III. 
There  it  was  shown  also  that  it  is  often,  but  not  always  possible, 
to  choose  the  constants  a  and  b  so  as  to  achieve  the  transformerless 
syntheses  of  Figs.  (A-l)  and  (A-2).  Suppose  that  Z  in  eq.  (A-55)  has 
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a  pole  at  a  -  oo.  Then  the  numerator  of  Z  will  contain  a  term 
n+1 

an+l  s  therefore  eq,  (A-36)  win  also  contain  this  term  (and 

its  coefficient  is  always  positive).  Thus#  employing  the  reasoning 
following  eq.  (A-36),  it  is  always  possible  to  find  two  suitable 
roots  of  eq.  (A-36)  except  in  the  case  where  the  first  coefficient 
yields  the  minimum  value  of  a.  Thus  the  presence  of  the  pole  at 
infinity  eliminates  one-half  of  the  exceptional  cases  of  eq.  (A-36). 

As  a  third  example,  consider  the  network  section  of  Fig.  (6-1). 
Its  Z  parameters  are 


Z11 


Y3  +T1 

vT7? 


3 


'22  Yy  1 

I"5  ? 


(6-6) 


I  ♦  - 
r  .  3  -1C 

“'12  i 

Y,  Y_  ♦  ■=* 
13  KZ 


21 


Let 


sC  and  Y^ 


1 

sE  * 


Then  eq.  (6-6)  becomes 


1  1  '  ‘ 

•(TC  ♦  L)  KcC  ♦  L 


*3 


sK2CL 


22  s(K2C  ♦  L) 


Z12 

21 


K2  .  KL 

- 5 - 1  ”5 - 

s(K  C  +  L)  K  C  ♦  L 


(6-7) 
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The  resulting  network  appears  in  Fig.  (6-2a) .  Now  consider  the  net¬ 
work  of  Fig.  (6-2b).  By  inspection,  its  Z  parameters  are  given  by 
eq.  (6-7)  and  thus  the  networks  of  Figs.  (6-2a)  and  C 6— 2b)  are  equi¬ 
valent  . 


Fig.  (6-2)  Equivalent  Networks 

The  network  section  to  the  right  of  the  dotted  line  in  Fig. 
(6-Zb)  is  a  familiar  one,  being  identical  in  form  to  that  of  Fig. 
(3-2),  which  was  obtained  from  the  n-type  synthesis  of  the  rank  2  V 
operator  of  eq.  (3-2).  Thus  the  two  parts  of  Fig.  (6-2)  suggest  two 
options  in  the  synthesis  of  a  driving  point  impedance  of  odd  rank 
which  has  a  pole  at  infinity.  Either  the  pole  can  be  removed  first 
and  the  synthesis  leading  to  Fig.  (3-2)  employed  or  the  impedance 
can  be  synthesized  directly  without  removing  the  pole  leading  to  the 
network  of  Fig.  (6-2a).  To  handle  other  types  of  impedances  of  odd 
rank,  and  Yj  can  be  selected  differently  than  in  eq.  (6-7). 
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The  three  above  example*  show  a  need  for  a  further  investi¬ 
gation  of  the  impedance  operator  approach  as  applied  to  driving  point 
impedances  of  odd  rank. 

C.  Equivalent  Networks 

The  impedance  operator  approach*  because  of  the  fact  that  the 
basic  operation  of  eq.  (2-l)  may  be  applied  as  many  times  as  desired 
in  a  given  synthesis  and  because  an  additional  arbitrary  constant  (s) 
is  included  with  each'  basic  operation*  can  yield  many  equivalent 
realizations  for  the  sane  driving  point  impedance  function.  This 
has  been  illustrated  throughout  the  thesis*  notably  in  Chapters  HI 
and  IV  and  in  item  B  of  Section  6.4.  It  has  also  been  pointed  out  in 
Section  1.9  that  equivalent  realizations  can  sometimes  be  obtained  in 

7 

the  form  of  bridged  T,  twin  T»  or  lattices  structures.  These  results 
indicate  the  desirability  of  making  a  study  of  the  use  of  the  impe¬ 
dance  operator  approach  in  obtaining  equivalent  networks. 

D.  Four-Terminal  Network  Synthesis 

This  thesis  has  almost  entirely  concerned  itself  with  the  pro¬ 
blem  of  driving  point  impedance  synthesis.  The  use  of  the  impedance 
operator  in  transfer  impedance  synthesis  and  in  the  synthesis  of  two 
terminal  pair  networks  has  not  been  discussed.  Thus*  the  following 
questions  may  be  raised. 

1)  Can  the  impedance  operator  approach  be  used  with  profit  in 
synthesizing  a  prescribed  Z^g  in*  say*  a  filter  design  problem?  Does 
the  impedance  operator*  with  its  arbitrary  constants*  provide  a  flexi- 
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bility  in  such  design  problems  not  possessed  by  existing  synthesis 
procedures? 

2)  Can  a  general  method  be  devised*  using  the  impedance  operator 
approach*  for  the  realization  of  a  network  whose  four-terminal  im- 

<g> 

mittance  parameters  are  specified.  Do  the  matrix  forms  developed 
in  Section  2.9  offer  any  advantage  in  the  solution  of  this  problem? 

i 

E.  Pseudo -Commutative  Property 

The  pseudo -commutative  property  of  the  V  operator  is  discussed 
in  Section  2.7.  This  property  is  especially  interesting  because  it 
permits  resistance  to  be  included  in  the  impedance  operator.  As 
pointed  out  in  that  section*  no  study  has  been  made  of  methods  by 
which  a  given  driving  point  impedance  might  be  separated  to  obtain 
and  y2  or  Vy  and  y^.  Such  a  study  should  be  undertaken. 

One  example  in  which  the  separation  is  straightforward  is 
afforded  by  refering  to  eqs.  (3-1)  and  (3-2)  and  comparing  the  net¬ 
work  of  Fig.  (3-2)  with  those  of  Fig.  (2-6).  In  Fig.  (2-6)*  let 

aZn 

Y1  “  s  *  rZ  "  Cl'  K  *  Za  (6-B) 

Then  the  networks  of  Fig.  (2-6)  become  those  of  Fig.  (6-5).  Fig. 
(6-3a)  is  identical  with  Fig.  (3-2)  and  Fig.  (6-2b)  illustrates  the 
pseudo -commutative  property  in  that  the  termination*  £^*  which  can 

* 

Some  significant  results  have  been  obtained  in  regard  to  this  pro¬ 
blem  by  H.  J.  Nain  and  D.  Hasony  in  unpublished  work. 


Tig.  (6-3)  Pseudo -Commutative  Networks 

contain  resistance,  is  now  included  as  a  part  of  the  impedance 
operator.  The  equivalence  of  Figs.  (6-3a)  and  (6.3b)  suggests  that 
it  may  be  possible  to  develop  a  Darlington-type  synthesis  procedure 
in  which  resistance  can  be  included  in  the  removed  network  sections 
but  which  may  require  a  prescribed  (perhaps  reactive)  terminating 
impedance.  This  matter  merits  further  investigation. 
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Proofs  of  V  Operator  Properties 


l.A  Proof  of  Theorem  D 

m.  +  n.  a.  +  n. 

Let  V,  =  :■■■  ,  VR  =  -1 - * 


= 


m,  +  n_ 

_  Jl _ 1 


1  ra2  +  n2  ’  2  m4  +  n4  *  3  m6  +  n6 

Then  a,.  +  n_ 

a  — 2  +  no  a-(m,  +  ne)  +  n0(m,  +  n4) 

3a/+n^  3  3  5  5  3  6  6 


V  7 
2  3 


a, 


+ 

+  n4  m4(m6  +  n6}  +  n4(m5  +  n5} 


and 


1'  2  3; 


ml 

in3(m6  +  n^)  +  +  n6)“ 

+  nl 

®4^m6  +  n6^  +  n4^m5  +  n5^ 

m2 

p»3(m5  +  n5)  +  n3(mfe  + 

V] 

f  ”2  [mj®*  +  n6}  +  n4(m5  + 

nr) 

J 

(A-l) 


(A-2) 


(ram.  +  n,n. )(m  +  n,.)  +  (mvn„  +  n-m.)(m,  +  n4) 

_  -1-  J  ..XL  ....  J  ..  2 _ . i  .4  ,  P  o 

(a2n4  +  n2m3)(a5  +  n$)  +  (m?n^  +  )  (in,  +  n&) 


In  a  similar  manner, 
a.  +  n 


V  V  = 
12 


1  +  "l  ml(”3  +  n3>  +  nl(lB4  +  b4> 

m_  +  n, 

2 +  n2  irvr  *2("4 +  "4> +  n2("3  +  »3) 

4  4 


and 


<TlVT3  = 


(”in3 +  +  "*! +  (V3 +  Vi’ 

(m.  +  nj 

("A  *  +  (m2n4  +  V3>  (n'  +  n') 


(nyi^  +  n1n^)(a5  n^)  t  (m^  +  +  n^) 

”  (m2m4  +  npn3^m6  *  n6^  +  ^n2n4  +  n2m3^®5  +  n 5) 
Therefore  (V1V2)V3  =  V^V^)  = 


(A-3) 


(A-4) 


(A-5) 

(A-6) 
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The  result  in  eq.  (A-6)  may  be  extended  by  mathematical  induc¬ 
tion  to  include  any  number  of  prf  V  operators. 

l.B  Proof  of  Theorem  E 

Let  V^,  V0,  and'V^  be  given  by  eq.  (A-l)  and  let  V  be  defined 
bjr  eq.  (A-6).  Let  V  also  be  given  by 

M,  +  N. 

it  _  _j± _ i.  t  .  rt\ 


M2  +  H2 


(A~7) 


where  and  are  the  even  and  odd  parts,  respectively,  of  the 
numerator  of  V  and  and  are  likewise  for  the  denominator  of  V. 
The  numerator  of  the  even  part  of  V  may  be  expressed  as 


num  EvV  =  -  HjH 

end,  by  either  eq.  (A-3)  or  eq.  (A-5), 

num  EvV  *  (m^m.j  +  +  n^)  (m^m^  -  n^n^) 

-  (m^n^  +  n^m^)  (m^  +  n^Hm^  -  n^) 

(m^mj,  *  n^j)  )  (m^-m^  —  n^n^) 

=  (num  EvV^)(num  EvV^ ) ( num  EvV^) 


(A-S) 


(A-9) 


The  proof  can  be  extended  by  mathematical  induction  to  include 
any  number  of  prf  V  operators. 


m^P(s)  +  G(s)  +  n^F(s)  m^  +  n^ 

V2  "  m2P(s)  +  G(s)  +  n2P(s)  *  V1  ~  m2  +  n2 


Checking  and  V2  in  eq.  (2-30)  gives: 


U-10) 
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n.  n,.  m  -  m. 

n^ia)  ’  n2F(s)  m?F(s)  +  G(s)  -  n^Ffs)  -  G(s)  Xl) 

Theref ore  -V.,‘\:and'  are  commutative . 

x  1 2 

The  numerator  and  denominator  in  eq.  (2-31)  must  each  be 
Hurwitz  for  to  be  prf.  If  they  are  to  be  Hurwitz,  then 

m-F(s)  +  G(s)  ra  F(s)  +  G(s) 

n^sf .  -  r  -  (A-12) 

must  be  reactance  functions.  By  expanding  each  tern  it  follows  that 

kna  ^PU)  (A-13> 

must  be  reactance  functions.  In  addition, 

num  EvV„  >  0  (A-14) 

everywhere  on  the  jeo  axis.  For  eq.  (A-14)  to  be  satisfied  requires 
that 

("V’a  "  +  ^ml  +  m2^  “  -  0 

(A-15) 

everywhere  on  the  jo  axis  (and  hence  in  the  right  half  plane). 


MsL 

n^F(s) 


l.D  FRF  Nature  of  and 

Consider  the  operator  as  given  by  eq.  (2-35). 

(mx  +  K2mg)  +  (n1+  K2n2) 
Vx  "  (m^  +  m2)  +  (o^  +  n2) 


(A-16) 


For  to  be  prf,  its  numerator  and  denominator  must  be  Hurwitz  and 
nun  EvV^  >  0  everywhere  on  the  jo  axis. 


Tuo  ratio  oT  the  even  to  odd  parts  of  a  Hurwitz  polynomial  is 
a  reactance  function.  Applying  this  test  to  the  numerator  of 
gives 


(A-17) 


Each  of  the  four  terms  on  the  right  hand  side  is  a  reactance  func¬ 
tion.  Therefore  the  numerator  of  is  Hurwitz  and  similarly  for 
the  denominator.  Checking  the  even  part  relationship  gives 


num  EvVx  =  (n^  +  K2!^)^  +  m2)  -  (t^  +  K2^)^  +  n,,) 

=  -  Oj2  +  K2^2  -  n22)  +  (K2  +  l)(«1«2“n1n2)' 

(A— 18) 

Each  of  the  terms  on  the  right  hand  side  of  eq.  (A-18)  is 
always  positive  on  the  jo>  axis  (and  therefore  in  the  right  half 
plane).  Therefore  V  is  prf. 


A  similar  proof  shows  that  V  is  prf. 

y 


1-E  Syntheses  of  the  Networks  of  Figure  (2-6) 


Let  Z ^  in  eq.  (2-38)  be  rewritten  as 


*1  +  "l  *2  + 


Z.  = 


_ 

K2  — 2 

*!  + 


1 

»2  +  n2^  +  r2 


(A-19) 


The  form  of  Z^  in  eq.  (A-19)  can  be  matched  to  that  in  eq. 


(2-5)  to  yield 
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m!  +  nj  _ 

=  Z22  ~  mn  +  n„  “  Y1 


s2  m2  +  n2  = 


m^  +  n^ 
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“  Z12Z21 


”2  +  n2 


(A-20) 


m.  +  n. 

=  A  +  K  =  y,  +  K 


12  in  +  n  - 
21  4  * 


rr- 


(A-21) 


The  network  of  Pi*.  (P.-6a)  follows  directly. 

To  obtain  the  network  of  Pif.  (2-6b),  eq.  (2-39)  is  rewritten 
in  the  form  of  eq.  (A-19)  and  the  procedure  repeated. 
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*  T 

f 
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Use  of  Surplus  Factors  in  the  Synthesis  of  V  Operators 


Let  Z  be  given  by 


Z  = 


8  T  4 


nun  EvZ  =  4  -  s 


(A-23) 

(A-24) 


Num  EvZ  is  not  a  perfect  square  but  can  be  made  so  if  Z  is  multiplied 


Z  = 


_  (s  +  l)(s  ±  2) 


(A-25) 


(s  +  4)(s  +  2) 

num  EvZ  =  (4  -  s2)2  (A-2.6) 

Z  may  now  be  synthesized  by  the  customary  reciprocal  Darlington  pro¬ 
cedure  with  a  one-ohm  resistive  termination. 

Now  let  Z  by  given  by 


=  5&15, «  hlL 

M2  +  n2^1  4  +  ®C] 


v  =  S---1- 
¥1  s  +  4 


(A-27) 


(A. 28) 


b_±_2 


Following  the  above  pattern,  V  is  multiplied  by  -  ~  ™  to  yield 

v  =  [g  +.  -Ulfi-tiQ.  =  i&l-tJfi  ±  1 

1  (s  +  4)(s  +  2)  s2  +  6s  +  8 


(A-29) 


and 


(s2  +  2)  Ci  +  3s 

Vl  ■  “5 - 1 - *  z 

A  s2  +  8  +  6s  Cx 


(A-30) 

Eq.  (A-30)  does  not  give  the  same  value  of  Z  as  eq.  (A-27)  and  there- 
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fora,  in  general,*  it  is  not  permissible  to  utilize  surplus  factors 
in  the  case  of  the  V  operator. 


]' 


1  T 
(  ' 

f  : 


*  V  may  always  be  multiplied  by  the  ratio  of  two  equal  even  poly¬ 
nomials  in  s  without  changing  Z. 


i 


APPENDIX  III 


Simplifications  in  the  Syntheses  of  Rank  4  Operators 


As  mentioned  in  Sections  3.7  and  3.3,  it  is  often,  but  not 
always,  possible  to  simplify  the  networks  of  Figs..  (3-13),  (3-14) , 
and  (3-15)  by  proper  choice  sof  the  arbitrary  constants.  These  sim¬ 
plifications  require  that  Z&  =  I*1®  ratio  may  he  ob~ 

tained  from  eq.. (3-23)  and  equated  to  unity,  namely 


or 


^Ib  _  &2b  “  b2a  .  . 

Z  "  aZ  -  bZ,  " 
a  a  b 


(a  +  b)(Za  -  Zb)  =  0 


(A-31) 

(A-32) 


Eq.  (A-32)  gives  three  alternative  conditions. 


b  =  +  a  and  Z '  =  0 
a 

b  =  -  a  and  EvZ  /  0  (A-3 3) 

a 

Z  =  Z,  (i.e.  Z  and  Z,  real  and  equal) 

8.  D  &  D 

The  condition  b  =  +  a  is  not  sufficient  by  itself  to  make  Z  =  Civ* 

a  ID 

From  the  foonote  to  eq.  (3-16),  it  is  also  necessary  that  Z*  =  0. 
Similarly,  the  condition  b  =  -  a  is  insufficient.  From  the  footnote 
to  eq.  (3-18) ,  it  is  also  necessary  that  EvZ  ^  0. 

The  first  condition  in  eq.  ( A— 33 )  requires  that  a  and  b  be 
positive  real,  while  the  second  condition  requires  them  to  be  imagi¬ 
nary.  The  first  condition  cannot  always  be  satisfied  (consider  the 
simple  case  Z  =  s) .  Assuming  proper  choice  of  a,  the  second  condi¬ 
tion  can  always  be  satisfied  but  leads  to  the  trivial  result  of  eq. 
(3-18),  The  third  condition  requires  that  the  equation 
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Z  -  a  =  0  (A-34) 

yield  two  roots  of  s  (Z  -  Z&  =  0  and  Z  -  Z^  =  0)  which  are  positive 
real  or  complex  conjugates  with  non-negabive  real  part.  To  inves¬ 
tigate  when  eq.  (A-34)  is  valid,  let  Z  in  its  most  general  form  be 
substituted  therein. 

,  n 

a  +  a.  s  +  . . . .  a  s 

_2 - 1 - a-  _  a  =  o  (A— 35) 

b  +  b.  s  +  . . . .  b  s 
o  1  n 

(a  -  b  a)  +  s(a.  -  b.a)  + .  sn(a  -  b  a)  =  0 

oo  11  n  n  (a_36) 

One  of  the  coefficients  in  eq.  (A-3&)  will  yield  a  minimum 
value  of  a  for  which  that  term  and  all  others  are  positive.  Let  a 
be  chosen  to  make  that  term  zero.  If  the  term  chosen  is  an  interior 
term,  the  resulting  polynomial  is  non-Hurwitz  (an  interior  term  is 
missing)  and  must  have  at  least  one  zero  in  the  right  half  plane. 

But  all  the  coefficients  in  eq.  (A-32)  are  positive  for  the  partic¬ 
ular  choice  of  a  and  thus  the  equation  can  have  no  positive  real 
roots.  Therefore  any  right  half  plane  zeros  must  be  complex  con- 
jugates  and  there  must  be  at  least  one  such  pair.  The  same  argument 
applies  if  a  is  chosen  to  make  all  coefficients  negative  except  the 
one  which  becomes  zero.  , 

Thus,  except  for  the  case  where  the  first  coefficient  yields 
the  minimum  a  and  the  last  coefficient  the  maximum  c  (or  vice  versa), 
it  is  possible  to  find  at  least  two  roots,  s  =  a  and  s  =  b,  which 
are  complex  conjugates  with  a  non-negative  real  part  such  that  Z  = 

Sl 
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When  eq.  (A-31)  holds,  the  network  of  Fig.  (3-13)  reduces  to 
that  of  Fig.  (A-l)  but  the  a  and  b  constants  are  no  longer  completely 
arbitrary.*  The  components  of  Fig.  (A-l)  are  derived  from  eq. 

(3-33)  with  =  Z&  and  therefore  D  =  ~r  (a  +  b). 


It  is  interesting  to  note  that  at  s  =  +  J  the  network  of 

2 

Fig.  (A-l)  reduces  to  a  gyrator  terminated  in  (Z  =  za  /C2)»  which 
illustrates  the  inverting  property  of  the  gyrator. 

Similarly,  when  eq.  (A-31)  holds,  the  networks  of  Figs.  (3-14) 
and  (3-15)  are  simplified  since  the  non-reciprocal  term  in  eq.  (3-350 
reduces  to  a  single  gyrator.  Then,  choosing  k  =  Zfl,  V  in  eq.  (3-35) 
becomes 

s2Z  2  +  Z  (a  +  b)  +  Z  2  ab 

V  =  - - - a - a -  (A-37) 

s  +  sZ  (a  +  b)  +  ab 
a 

num  EvV  =  Z  2  (s2  +  ab)2  -  Z  2  s2(a  +  b)2  (A-3S) 

a  a 

The  components  of  7  are 

*  Generally,  there  is  a  range  of  a  and  b  values  which  satisfies 
eq.  (A-34)* 
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sZ  (a  +  b) 

SL 

+  ab 


sZ  (a  +  b) 

a _ _ 

+  ab 


Z 

a 


(A-39 


The  resultin';  network  appears  in  Fig.  (A-2)  •  Again  at  a  =  j/ab,  Z 
2 

becomes  Z&  &s  in  Fig*  (A-l). 


Fig.  (A-2)  Eliminating  the  Loaded  Gyrators  from  Figs.  (3-14) 
and  (3-15). 
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Proof  of  Theorem  K 


t  ! 


•f! 


1 ' 


Theorem  K:  IP  a  and  c  are  complex  conjugates  with  a  non-negative 
real  part  and  b  is  positive  real,  then  as  given  in  eq.  (4-4)  and 
V  as  given  by  equation  (4-6)  are  prf. 

Proofi  If  it  can  be  shown  that  the  coefficients  of  the  V  operator 
in  eq.  (4-6)  are  unchanged  by  a  permutation  of  the  constants  a,  b, 
and  c,  then  V  and  remain  prf  as  explained  in  Section  4.2.  The 
coefficient  =  (Z^^VC^  =  l/D^  is  examined  as  follows: 


Ste.:-<UL 

Clb  a  <lb  -  <!c 

_  ^c  ‘  c2a 

Z  aZ  —  cZ 

a  a  c 

^lb  ^b^a 

Z  aZ  -  bZ, 

a  a  b 


(A-40) 

(A-41) 

(A-42) 


Combining  these  three  equations  yields 


Za^2c  bZaZa<&  "  "  >  +  ~  b  >  1  eZaZb(b  "  a  > 

^lb 


bZ.  (a2  -  c2)  +  aZo  (c2  -  b2)  +  eZ,,  (b2  -  a2) 

(A-43) 

Letting  a  »  b,  b  =  c  and  c  =  a  in  eq.  (A-43)  produces  no 
change  in  this  V  coefficient.  The  remaining  V  coefficients  can  be 
shown  to  obey  the  same  rule.  Thus  a  permutation  of  a,  b  and  c  p-p-. 
duce  no  change  in  V  and  hence  no  change  in  Xy 


-177- 


i 


APPENDIX  V 


Simplifications  in  the  Synthesis  of  a  Rank  6  Operator 


Eqs.  (4-21)  and  (4-23) ,  whioh  must  be  satisfied  if  the  networks 
of  Figs.  (4-4)  and  (4-5)  are  to  be  valid,  are  repeated  below. 

aZ  (b  -  c)  +  bZ.  (e  -  a)  +  cZ  (a  -  b)  *  0  (4-21) 

a  d  c 


Z  (b  -  e)  +  Z.  (c  -  a)  +  Z  (a  -  b)  =  0 
a  d  c 


(4-23) 


Let  Z  be  the  value  of  ZQ  which  makes  eq.  (4-21)  valid  (n-type  syn¬ 
thesis)  and  likewise  let  Z  be  the  value  of  Z  which  makes  eq. 

cm  c 

(4-23)  valid  (m-type  synthesis).  Then,  solving  eqs.  (4-21)  and 


(4-23)  for  Z  gives 

f* 


ab(Z  -  Z.  )  aZ  -  bZ, 
7  -  a  b  a  b 

en  "  ”  c(a  -  b)  a  -  b 


(A-44) 


c(Z  -  Z.  )  aZ,  -  bZ 

z  =  — * - J2-  +  _J2 - a 


(A-45) 


'em  a  -  b  a  -  b 

To  investigate  whether  a  positive  real  c  can  be  found  such  that 
eqs.  (A-44)  and  (A-45)  are  satisfied  with  a  and  b  arbitrary,  define 
the  following. 


a  «  x  +  jy 

Z  S  u  +  jv 

a 

Then  eqs.  (A-44)  and  (A-45)  become 


b  =  x  -  jy 

Zb  =  u  -  jv 


(A-46) 


2  s  _  2-  (x2  +  2)  BL±JS 
on  cy  v  3  '  y 


(A-47) 


5/ 


H  jT  ^ 

|arg  Z(s) |  <  |arg  s|  for  0  <  |arg  s|  <  -  Therefore  uy  -  vx  = 
ux(*- J)is  always  positive.  It  follows  that  uy  +  vx  is  also  al¬ 
ways  positive. 
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z  =  c  x+  ax-z-vs 

cm  y  y 


(A-48) 


In  eq.  (A-46),  x  and  u  are  always  positive  and  y  may  always  be  chosen 

positive.  Then  v  may  be  either  positive  or  negative.  Eqs.  (A-47) 

and  (a-48)  are  plotted  in  Fig,  (A-3)  for  v  positive  and  in  Fig.  (A-4) 

for  v  negative.  The  curves  are  shown  as  never  crossing  which  may  be 

verified  by  noting  that  the  difference  Z  -  Z  does  not  change 

cm  cn 

sign  for  all  positive  real  c. 

Let  Z  be  expressed  in  the  general  form 
c 


Z  =-2- 


b  +  b-e  +  ....  b  c 
ox  n 


(A-49) 


and  require  that  none  of  the  coefficients  vanish  (Z  has  no  pole  or 
zero  at  the  origin  or  infinity).  Intersections  of  eq.  (A-49)  with 
eqs.  (A-47)  and  (A-48)  in  the  first  quadrants  of  Figs.  (A-3)  and 
(A— 4)  are  the  desired  solutions. 


For  small  values  of  c,  Z  in  eq.  (A-49)  approaches 

c 

a 

Zc  =  b2 
o 

while  for  large  values  of  c,  Z  approaches  - 

c 

*3 

Zc  =  b! 


(A-50) 


(A-51) 


-  . y  5. - 

Jarg  Z(s) ]  <  larg  s|  for  0  <  |arg  s|  <  ~  Therefore  uy  -  vx  = 
ux(*  -  ~  j  is  always  positive.  It  follows  that  uy  +  vx  is  also  al¬ 
ways  positive. 
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tty  -  ra  _  r  gL±ja  -  0 
y  ’  y 


(A-52) 


Four  eases  must  be  considered  in  each  figure.  These  are  tabulated 


as  follows s 


i-  r2  >  f 

O 

a 

r>° 

n 


Pig.  (A-3) 


Z  must  intersect  Z_ 
c  cm 


Pig.  (A-4) 


Z^  must  intersect  Z  _ 
c  cn 


o 


r2  <  G 


Z  must  intersect  both  no  intersection 
o 


Z  and  Z 
cm  cn 


guaranteed 


3. 

& 

r2  >  G 

D 

n 


no  intersection 


guaranteed 


Z  must  intersect  both 
c 

Z  and  Z 
cm  cn 


*•  b“<p 
o 


a 

r<° 

n 


Z  must  intersect  Z__ 
c  cn 


Z  must  intersect  Z 
c  cm 


In  every  instance  except  Case  3  for  a  positive  v  and  Case  2 
for  a  negative  v,  an  Intersection  is  guaranteed  and  thus  a  positive 
real  value  of  c  exists  with  a  and  b  arbitrary  such  that  either  the 
n-type  section  of  Fig.  (4-4)  or  the  m-type  section  of  Fig.  (4-5)  may 


be  removed  from  Z  with  a  and  b  arbitrary.  In  these  two  eases,  inter- 
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sections  nay  exist  bat  are  not  guaranteed.  This  last  statement  is 
illustrated  in  Example  3. 

Example  1 

Synthesize  Z  given  by 

s3  ♦  ^  s2  +  2s  +  4 
s3  +  4s2  +  ^  e  +  4 

where 

mm  EvZ  =  (2  -  s^Hs2  +  2s  +  2)(s2  -  2s  +  2) 

Choosing  a  and  b  so  that  EvZ&  =  EvZ^  =  0  maker.  ^  four  less  in 
rank  than  Z. 

a  =  1  +  j  ,  b  =  1  -  J 

Then 

8  +  j2  _  8  -  .12 

Za  =  17  Zb  =  17 

Thus 

,,82 

x=l,  y  =  l,  U  =  J^,  v  = 

This  is  a  positive  v,  Case  1  example  and  therefore  an  m-type  syn- 

« 

thesis  is  guaranteed.  Solving  eq.  (4-23)  for  c  gives 

aZ,  -  bZ  +  (b  -  a)  Z  -6  +  17Z 
_  _  o  a  c _ c 

S"2.  '  2 

which  yields 

(2c  -  7)(c  +  4)(c2  -  2c  +  2)  =  0 

7 

The  positive  real  root  is  c  = 

#. 

No  n-type  synthesis  is  possible  in  this  case* 
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The  calculations  then  yield 

24  -  J6  Za  5 
'-lb  85  ’  Clb  3 

(2  +  f  s2)Z  -  |  a  9s  +  30 

^2  (2  +  |  s2)  -  XL  sZ  25s  +  15 

and  from  the  above  relations  and  eqs.  (4-3)  (4-5)  and  (4-6) 

**2c  “  5’  ^*3  =  s  +  1’  k  9  1 


s3  +  ^  s2  +  4s  +  7 

s3  +  11  82  +  122  s  +  7 


where 

nun  EvV  =  (^  s2  +  7)2  -  s2(b2  +  9)2 


The  synthesis  of  V  can  now  be  obtained  directly  through  substitution 
in  eqs.  (4-14),  (4-25)  and  (4-27).  The  result  appears  in  Fig.  (A-5). 
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Sasala  2 

Synthesize  Z  given  by 


Z  = 


=  Z±_2si±_£flJL4 


s3  +  7s2  +  6s  +  2 


where 


nvnn  EvZ  =  (2  -  s2)(s2  +  2s  +  2)(s2  -  2e  +  2) 


Choosing  a  and  b  as  in  example  1? 

a  =  1  +  j  ,  b  =  1  -  j 

Then 

-  =  3.  “  .1  2  _  1  ±  A 

Thus 

x=l,  y  =  l,  u  =  |,  y  =  -l' 

This  is  a  -v  Case  1  example  and  thus  an  n-type  synthesis  leading  to 
Fig.  (4-4)  is  guaranteed.  The  required  value  of  c  is  /6/3,  which 
is. obtained  from  eq.  (4-21).  No  m -type  synthesis  is  possible. 


Example  3 

Synthesize  Z  given  by 

z  =  s3.f  zs2  +  9fi  +  1 

3  2 

s r  +  9s  +  5s  +  16 

where 

num  EvZ  =  (4  -  s2)(s2  +  2s  +  2)(s2  -  2s  +  2) 
Again  choosing  a  and  b  as  in  examples  1  and  2 


z  =13L+51  ,  z  =  21.  - 

a  58  »  zb  58 

This  is  a  +v  Case  3  example  and  thus  neither  type  of  synthesis  is 
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guaranteed  and  a  further  check  is  necessary. 

For  an  n-type  synthesis,  from  eq.  (4-21) 

ab(Z.  -  Za)  5 

_ _ p  a. _ 

bZ.  -  aZ  +  (a  -  b)Z„  “  18  -  29Z„ 
b  a  c  c 

which  reduces  to 

(c2  -  2c  +  2) (11c2  -  77c  +  40)  =  0 

The  roots  are 

c  =  1  +  J,  1  -  j,  .56,  6.43 

There  are  two  positive  real  roots  and  therefore  an  n-type  synthesis 
leading  to  Fig.  (4-4)  is  guaranteed. 

For  an  m-type  synthesis,  using  eq.  (4-23) 

aZ,  -  bZ  +  (b  -  a)Z  -26  +  58z 

- - a _ a _ - _ £ - £ 

*b-Za  "  5 

which  reduces  to 

(c2  -  2c  +  2)(-  5c2  -  23c  -  179)  =  0 

The  roots  are 

e  «  1  +  J,  1  -  J,  2.3  +  j 5. 5 ,  2.3  -  J5.5 

There  are  no  positive  real  roots  and  thus  an  m-type  synthesis  lead¬ 
ing  to  Fig.  (4-5)  is  impossible  for  this  choice  of  a  and  b. 
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